ORBITAL L-FUNCTIONS FOR THE SPACE OF BINARY CUBIC FORMS 



TAKASHI TANIGUCHI AND FRANK THORNE 



Abstract. We introduce the notion of orbital L-functions for the space of binary cubic forms 
and investigate their analytic properties. We study their functional equations and residue 
formulas in some detail. Aside from the intrinsic interest, results from this paper are used to 
prove the existence of secondary terms in counting functions for cubic fields. This is worked 
out in a companion paper. 
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1. Introduction 

The theory of prehomogeneous vector spaces was initiated by M. Sato in early 1960s. A 
finite dimensional representation of complex algebraic group (G, V) is called a prehomogeneous 
vector space if there exists a Zariski open orbit. One arithmetic significance of this is, if {G, V) 
is defined over a number field, then there exist zeta functions associated to {G, V) which have 
analytic continuations and satisfy functional equations. This was discovered by M. Sato and 
Shintani |23] and numerous number theoretic applications have been given (see e.g., [3], [9], 

m, [25], [26], [30], m-) 
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Let {G, V) be the space of binary cubic forms: 

G := GL2, V := {x{u, v) = xiu^ + X2U^v + x^uv^ + x^v^}. 

The discriminant V)\sc{x{u,v)) = x^x'i^ + 18x1X2X3X4 — 4x1X3 — 4x^X4 — 27x'\x\ is relatively 
invariant under the action of G, i.e., Disc(g(x) = (det (7)^Disc(x). We denote by V* the dual 
representation of G, which is similar to V but has a slightly different integral structure. 

This (G, V) is an interesting example of a prehomogeneous vector space, and the associated 
zeta functions were studied extensively by Shintani [24J. He introduced the Dirichlet series 

__ ^ |Stab(x)|-^ 

'i±\.b) — |Discfx)h 
xeSL2(Z)\y(Z), ±Disc(x)>0 ' ^ ^' 

associated to the positive and negative subsets of V(7,), and he similarly associated 6.±{s) to 
V*(7L). (Here |Stab(x)| is the order of the stabilizer of x in SL2(Z).) Then he established their 
notable analytic properties. 

Theorem 1.1 (Shintani). The four Dirichlet series ^±{s) and ^"^{s) have holomorphic contin- 
uations to the whole complex plane except for simple poles at s = 1,5/6, and we have explicit 
formulas for their residues. Moreover, these Dirichlet series satisfy the functional equation 

- s)^ _ tilv(^\'^v (.-i\v (^^'^\( ^'""^^^ '^'''^^ ^ ( ^+(^)^ 

s)) ~ 2^^'^ ^ ' ^ 6;Ms + l^Ssinvrs 8^27^3) \C_{s)) ' 

The purpose of this paper is to study L-functions corresponding to Shintani's zeta functions, 
extending Datskovsky and Wright's work [2]. Let us briefly explain our formulation. We fix a 
positive integer N. For any o S Z, the usual partial function Q{s,a) is defined by the formula 
C{s,a) = '^Zn&a+Ni- n>o''^~^- Extending this idea, for any a G V{Z) we define the partial zeta 
function by 

. . ._ 1 V- |Stab(x)|-i 

' ' ' [SL2(Z) : TiN)] ^ |Disc(x)|^ ' 

±Disc(x)>0 

Here r(A'') is the principal congruence subgroup of SL2(Z), and now |Stab(x)| denotes the 
size of the group of stabilizers of x in r(A^). Since i±{s,a') counts the same orbits if a' = a 
mod A^, it is natural to regard a of ^±{s,a) as an element of V{'L/N'L) rather than of V{Z). 
We can easily check that ^(s) = YlaeV{z/NZ) expected. 

Recall that the group GiZ/NZ) acts on ViZ/NZ). We may now define the orbital L-function 

by 

^±{s,X,a):= ^ x(detg)^±(s,5ra) 

gGG{Z/NZ) 

for a Dirichlet character x niodulo N. We hope the analogy to the Dirichlet L-function 
L{s,x) = Ste(z/AfZ)x x{'t)C{si't) is cleaiQ. This orbital L-function seems to be a natural class 
of L-functions in the theory of prehomogeneous vector spaces, and we focus on this ^±(s, x, o,)- 
We note that certain L-functions are introduced and studied in detail in the extensive works 
of Datskovsky and Wright [28^ l2]. and our orbital L-functions are closely related to theirs. 

In this paper we prove three main results. The first one establishes fundamental analytic 
properties for our zeta functions. 



^ As we will see in Lemma 13.31 (3). strong approximation for SL2 implies that the action of SL2(Z/A^Z) on 
(the space of) partial zeta functions is trivial. Hence it is enough to work with one dimensional representations 
X o det of GL2{'Z/NZ); we can isolate each ^(s, a) by the orthogonality of characters on (Z/NZ)^ . 
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Theorem 1.2. For any congruence N , the orbital L-functions (,±{s,XjO-) t^^^^ the partial zeta 
functions (,±{s,a) have meromorphic continuations to whole complex plane and satisfy certain 
functional equations. They are holomorphic except for possible simple poles at s = 1 and 
s = 5/6, and their residues are described in terms of certain sums over the G{'L/N'L)- orbit of 
a G V{'L/N'L). We have explicit formulas of those residues in various cases. In particular, we 
have residue formulas when a G F(Z) detects cubic rings maximal at all primes dividing N , or 
when N is cube free. 

Hence, in principle we can understand the contributions of an arbitrary subset X C to 
the zeta function, as long as X is defined by finite number of congruence conditions in y(Z). 
We note that the first statement in this theorem is due to F. Sato [21j. This theorem is a 
combination of various results in this paper, and we give the proof in Remark l8.21[ This result 
implies that there is a bias for the class numbers of integral binary cubic forms in arithmetic 
progressions, which seems to have been missed in the literature. We prove it in Theorem 19.21 

For a function / on V [Wj/NI), its finite Fourier transform / is defined by 

7(6):=iV-4 /(a)exp('2vr^/^.MV 6eF*(Z/iVZ), 

a&V{1/N1) ^ ^ 

where [*,*] is the canonical pairing between V and V* . Our second result is explicit formulas 
of the Fourier transforms of certain functions on V{'L/p'^'L). 

Theorem 1.3 (Theorems 16.31 [6^ . Letp be a prime not equal to 2 and 3. We have the explicit 
formulas of the Fourier transforms of <^p and where these are functions over V{'L/p'^'L) 
detecting nonmaximal and nonmaximal-or-totally-ramified cubic rings at p, respectively. 



See Theorems 16.31 and 16.41 for the exact formulas. These Fourier transforms occur in the 
explicit formulas for the zeta and L-functions dual to ^,±{s,a) and ^±{s,x^o), and Theorem 
11.31 allows us to write down these explicit formulas. This leads to an improved analytic under- 
standing of ^±(s, a) and ^±(s, Xi o)- 

Theorem 11.21 in combination with explicit results such as Theorem 11.31 has fruitful arith- 
metic applications. To explain our motivation, we quote the main results of our companion 
paper [27]. Our primary purpose in proving Theorems 16.31 and 16.41 is to obtain the following 
density theorems: 

Theorem 1.4 ([27J). (1) The number of cubic fields K with < ibDisc(K) < X is 

where C+ = K+ = I and = 3,K- = ^/3. 
(2) For a quadratic field F , let Cl3(-F) denote the 3-torsion subgroup of the ideal class group 
of F . Then 

0<±Disc(F)<X 

where the product in the secondary term is over all primes. 

Part (1) of Theorem 11.41 was also proved in independent work of Bhargava, Shankar, and 
Tsimerman [1]. Their paper studies the space iG,V) geometrically, and does not apply the 
theory of the associated zeta or L-functions. 

We generalize this theorem to count these discriminants in arbitrary arithmetic progressions 
as well. In this case we discover a curious bias in the secondary term. For example, when the 
modulus m is not divisible by 4 we prove: 
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Theorem 1.5 ([27J). Suppose m is a positive integer with A\m and a ^"L arbitrary. 

(1) The number of cubic fields K with < ibDisc(i^) < X and T)\sc{K) = a mod m is 

Nf{X-m,a) = Cf{m, {m,a))X + Kf{m,a)X^/^ + 0{X^'^+'m^'^). 

The constant depends only on m and the greatest common divisor {m,a) of m and a, 
but Kf may be different for different values of a, even when m and (m, a) are fixed, if 
there exist any nontrivial cubic characters modulo m/{m,a). 

(2) We have 

#Ch{F) = Cf{m, {m,a))X + Kf{m,a)X^/^ + O(Xi8/23+e^20/23)^ 

[F:Q]=2, 0<±Disc(F)<X 
Disc(F)=a mod m 

where and have the same properties as and , respectively. 

We refer to [27] for more explicit and general statements, including an explicit evaluation 
of the constants C^,K^, as well as associated numerical data. When 4 | m the statements 
change slightly (the discriminant of any field is = 0, 1 mod 4), but we treat this case as well. 

Concerning Theorem 11.51 Datskovsky and Wright [2] proved that certain L- functions may 
have a pole if the character is cubic but are otherwise entire, and this is the origin of subtle 
behaviours of Kf^. In Section [8] we refine their significant residue formulas [2] for ^(s,x, «), 
and in particular we complete all the cases where a detects cubic rings maximal at all primes 
dividing N. These formulas are used in [27j to obtain the explicit formulas for Kf^. In Section 
[9l we briefly discuss how Theorem 11.51 relates to these residue formulas. 

Besides these arithmetic applications, our explicit construction of L-functions is also moti- 
vated by work of Ohno and Nakagawa. In 1997, Ohno |15j conjectured the remarkably simple 
relations = ^,-{s) and = 3^+(s), and these relations were proved by Nakagawa |14j . 

As a consequence, Shintani's functional equation in Theorem 11.11 takes the following self dual 
form: 

Theorem 1.6 (Ohno-Nakagawa). Let 9±{s) := -v/3^+(s) ±^„(s) for each sign. Then 

A±{1 - s)d±{l - s) = A±{s)d±{s), 

where 




A(l - s) • T • ^(1 - s) = A(s) • T • 

Although the formulas = C-('S) and ^* (s) = 3^+(s) are very simple, Nakagawa's proof is 

quite technical; in particular, he used class field theory in a sophisticated manner. Analogous 
formulas were proved by Ohno, the first author, and Wakatsuki [161 [T7] for zeta functions 
associated with other integral models for {G,V), leading to similar functional equations. 
In this paper we will prove the following. 

Theorem 1.7 (Theorem 17. 6p . For a positive integer m, let 

t ._ \^ |Stab(x)|-^ __ / UAs) \ 

u,±isj - 2^ |Disc(x)i« ' V uAs) ; ' 

m|Disc(a;), ±Disc(a;)>0 
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and for a square free integer N , write 



0n{s) := n{m)m^rnis). 



m\N 

With this notation, 6n{s) satisfies the functional equation 

N^i^''^A{l - s) • T • 6^(1 -s) = N^'A{s) ■ T ■ 0jv(s)- 



Here ii{m) is the Mobius function. In Theorem 17.61 we also describe the residues of 6]sr{s). 
The case = 1 is Theorem II. 6^ and we will in fact reduce the proof of this theorem to Ohno- 
Nakagawa's original formula. In the proof, we use Mori's explicit formulas [13j for certain 
orbital Gauss sums over Z/pZ. 

As the terminology "orbital L-function" indicates, understanding the G(Z/A^Z)-orbit struc- 
ture of a G V{Z/NZ) is fundamental for the analysis of ^±{s,x,a). We pursue the theory 
from this viewpoint. As we noted earlier, our L- functions are closely related to those studied 
by Datskovsky and Wright [2]. Although our work overlaps with theirs to some extent, our 
orbital L-functions have elementary and explicit descriptions, and we hope we developed the 
theory to a point where it is quite usable in applications. 

Although we focus on the particular example of the space of binary cubic forms, the defi- 
nitions and basic properties studied in Sections [3] and [4] are applicable to general irreducible 
regular prehomogeneous vector spaces with a fixed integral model. Also, our arguments in 
Sections [5l [6] and [H regarded as arguments over Zp, generalize to the integer ring of other 
local fields, and a version of Theorem 11.31 holds over an arbitrary local field with residue char- 
acteristic not 2 or 3. In a forthcoming paper (joint with Manjul Bhargava), this will be used 
to improve the error term in the function counting cubic extensions of any base number field, 
previously studied by Datskovsky and Wright [3] . 

We also discuss some related results and problems. When a Dirichlet series = '^n/n^ 
is given, it is natural to twist by a Dirichlet character yielding the L-function ^(s, x) = 
"Y^ anX{f^) / ■ L-functions of this type associated to prehomogeneous vector spaces have been 
previously discussed in the literature; see, e.g., [TO], [19], ^20j, ^21j. For our case of the space of 
binary cubic forms, we discuss this .^(s, x) in Section [9l Since this ^(s, x) is expressed in terms 
of linear combinations of orbital L-functions of the form in principle our theory 

contains the theory of .^(s, x)- However, there are some rich stories involving ^(s, x) for which 
we do not yet have good analogues for Among others, we mention the significant 

work of Denef and Gyoja [6], who proved an explicit formula for a certain Gauss sum. As a 
result, the functional equation of .^(s, x) turns out to have a nice simple form, as observed in 
|21j . Their work is notable since the formula is proved for a general prehomogeneous vector 
space. In this direction, although we obtain explicit formulas of orbital Gauss sums 



for some special a G y(Z/A^Z), b G V*{'L/N'L), it would be very interesting to further investi- 
gate the general case. 

We also remark on the secondary pole of zeta functions for "cubic cases" . What principle 
underlies the fact that the space of binary cubic forms (G, V) describes the family of cubic 
extensions? In 1992, Wright and Yukie [30j clarified that this is because the component group 
of the generic stabilizer is isomorphic to ©3, the permutation group of degree 3, and they 
studied the relationship of this fact to geometric interpretations of rational orbits. Among 29 
types of irreducible regular prehomogeneous vector spaces classified by M. Sato and Kimura 
|22j . 4 of them share this property and hence they should be regarded as "cubic cases". One 
such cubic case is the representation (GL2 x GL|, Aff^ ® Aff^ ® Aff^), and the global theory 
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for a non-split form of this representation was given by the first author [26]. Interestingly, as 
with the {G, V) studied in this paper, the secondary pole of the zeta function does not vanish 
under a twist by cubic characters. It is likely that this property is shared for all cubic case 
zeta functions, and ultimately this would reflect phenomena similar to Theorem II. 5i 

This paper is organized as follows: In Section[2]we introduce the space of binary cubic forms 
V and its dual space V* , with natural actions of G = GL2 . We also recall the Delone-Faddeev 
correspondence. In Section [3] we introduce the orbital L-functions £,{s,XiCl) a-nd the orbital 
Gauss sums W{x,a,b). In Section [J] we discuss the functional equations. These functional 
equations were obtained by F. Sato [21j in a general setting and we apply his result. We also 
introduce zeta functions ^(s,/) associated to G/vr-relative invariant functions /, and express 
them in terms of orbital L-functions. 

Later sections develop the more specific theory for {G,V). Let p be a prime. In Section [5] 
we give orbit descriptions over TLj^TL and TLj-jP'TL which have arithmetic meanings. In Section 
El we discuss the orbital Gauss sums over ^Lj-pL and Z/p^Z in detail. Over 'L/p'L, this was 
studied by S. Mori [13] and we recall his result. After that, we compute various orbital Gauss 
sums over Z/p^Z for p 7^ 2, 3, which is the main technical contribution of this paper, and we 
prove Theorem 11.31 as a consequence. 

In Section [7] we study "divisible" zeta functions and prove Theorem 11.71 

In Section [8] we study the residues of the orbital L-functions i{s^x-,o)- With a natural 
choice of the test function <I>a, Wright's adelic zeta function |28j gives an integral expression 
for ^(s,x,a)- Using the residue formula in [28] we compute the residues of C(S)X;o) for the 
cases of our interest. The method as well as many of these results are due to Datskovsky and 
Wright [2], and our results refine theirs as needed for our application to Theorem 11.51 These 
computations lead to an explicit version of Theorem 11.21 In Section [U we apply these results 
to prove residue formulas for ^(s, x) (Theorem 19. ip and we prove that class numbers of binary 
cubic forms are biased in arithmetic progressions (Theorem 19. 2p . We also compare our results 
to Theorem 11.51 

Acknowledgement. The first author thanks Shingo Mori for many discussions, which became 
the starting point of this work. 

Notation. For a finite set X, we denote by |X| its cardinality. For a variety V defined over 
Z and a ring R, the set of iZ-rational points is denoted by Vr rather than V{R). The trivial 
Dirichlet character is denoted by 1. Our notation mostly matches the companion paper [27] . 
but there are a few exceptions: the dual vector space V* and the zeta function i*{s) for V* in 
this paper are denoted by V and ^(s) in [27], respectively. Also, ^m(s) in this paper denotes 
the m-divisible zeta function, while ^q{s) in |27j denotes the g-nonmaximal zeta function. We 
hope this does not confuse the reader. 

2. The space of binary cubic forms and cubic rings 

In this section, we introduce the space of binary cubic forms V and its dual space V* , with 
natural actions of G = GL2. We regard all of these spaces over Z. After discussing their basic 
properties, we recall the Delone-Faddeev correspondence relating cubic forms to cubic rings. 

Let G = GL2 and 

V = {x(u, v) = XlV? + X2U^V + X^UV^ + X^V^ I 2^1, X2, X3, X4 G Aff }. 

We identify V with the four dimensional affine space Aff^ via x(n, v) = xiv? + X2V?v -\- x^uv"^ + 
Xiv'^ ^ X = (xi, X2, X3, X4). We consider the following twisted action of G on V: 

{g ■ x){u, v) = x{au + jv, j5u + 5v), x g = ( \ \ G G. 
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We note that the scalar matrices act on V by the usual scalar multiplication, 
coordinates, the action is given by 



In terms of 



\9 



1 



a6 — (3 J 



3a27 

V 7' 



a2/3 
0^6 + 2a/37 
/372 + 2075 

1' 



a/32 
/327 + 2a/35 
0(^2 + 2/37(^ 

7(^2 



/33 
8/325 
8/352 

53 



We usually omit • from g ■ x and write gx instead. Let 



P{x) 



x^x^ + 18xiX2a;3X4 



^xix'l 



-ix^Xii 



llx-^Xj^, 



which is the discriminant of x{u,v). Then P{gx) = (det gfP{x). 

The dual representation V* is the space of linear forms on y. In the dual coordinate system 
on V* , we express elements of V* as y = (yi, 2/2, ysi ^4)- We denote the canonical pairing of 
V and V* by [x,y], so that [x,y] = xiyi + X2y2 + 2:32/3 + 2:42/4. We define the left action of 
G on V* via [x,g * y] = [{det g)g~^ • x,y]. Then the scalar matrices act by the usual scalar 
multiplication on V* also. In terms of coordinates, we have 
/ 6^ -3752 3^2^ 



1 



-7 
072 
-a27 
a' 



I 



\yAj 



9 



4y22/4 



2 2 

2/12/4- 



-/3(52 a(52 + 2/375 -(/372 + 2a75) 

a5-/37 /325 -(/327 + 2a/35) a2 j ^ 2a/37 
\ -/33 3a/32 -8a2/3 

We usually omit * from g * y and write gy instead. Let 

P*{y) = 32/i2/3 + 62/12/22/32/4 - 42/12 

Then P*(5y) = (det5)2p*(2/). 

We recall an embedding of V* into y which is compatible with the action of G. Let 

i: V* B (2/1,2/2,2/3,2/4) ^ (2/4,-82/3,3^2,-2/1) G l^- 

Then we have L(g * y) = g ■ i^{y)- Hence if 3 is not a zero divisor in a ring R, we can realize 
as a G^-submodule of Vr. Moreover, if 8 is invertible in R then we can identify with in 
terms of l. We use this identification in Section [6l Under this identification, the bilinear form 
on V induced by the pairing [*, *] is given as 



(2.1) 



[x, x'] = Xix\ - ^X3X'2 + ^X2X3 



X1X4, 



and this satisfies [gx,gx'] = {det g)[x, x']. We also note that P{i{y)) = 27P*{y). 

We now recall the Delone-Faddeev correspondence, which gives a ring theoretic interpretation 
of rational orbits of (G, V). This was first given by Delone and Faddeev [3] for certain restricted 
cases and recently by Gan, Gross and Savin |7j in full generality. Let R be an arbitrary ring. 
A finite -R-algebra S is called a cubic ring over i? if 5 is free of rank 8 as an i?-module. 

Theorem 2.1 ([1], [?])• There is a canonical discriminant preserving bijection between the set 
of orbits Gr\Vr and the set of isomorphism classes of cubic rings over R. Ifx G Vr corresponds 
to a cubic ring S over R, then the group of stabilizers Gji^x of x in Gn is isomorphic to 
Autij(5), the group of automorphisms of S as an R-algebra. Moreover ifx £ Vr is of the form 
x{u,v) = + bu'^v+cuv'^ +dv^ , then the corresponding cubic ring is R[X]/{X^ + bX'^ +cX +d). 
Also if X is of the form x{u,v) = v{u^ + cuv + dv"^), then the corresponding cubic ring is 
R X R[X]/{X'^ +cX + d). 

The proof of this theorem is well known. We simply recall the construction here. For 
X = (xi, a;2, X3, X4) G Vr, the corresponding cubic ring is the i?-module Rl © Ruj © R9 with 
the commutative multiplicative structure so that 1 is the multiplicative identity and that 

a;2 = — X1X3 — X2ijJ + xi9, = —X2X4 — x^oj + 2:3^, loO = —X1X4. 

For more details, see [7] for example. 
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3. Orbital L-functions and orbital Gauss sums 

In this section, we introduce the notion of orbital L-functions and orbital Gauss sums, and 
discuss their most basic properties. Further analytic properties are studied in later sections. 
Let iV be a positive integer. We put 

Gn ■= Gz/NZ = GL2(Z/iVZ), Vn ■= Vz/ni. — Vz/NVz- 

Then Gj\f acts on Vn- For a G V/v, let Gat^q := {g £ Gn \ ga = a}, the group of stabilizers. 
For each a £ Vn , a + NVi is invariant under the action of the principal congruence subgroup 
r(A^) := ker(SL2(Z) — t- SL2(Z/A^Z)) of SL2(Z). Let x be a Dirichlet character whose conductor 
m = m{x) is a divisor of N. As usual, we regard x as a character modulo N via the reduction 
map (Z/7VZ)^ ^ (Z/mZ)^. 

For a congruence subgroup F of SL2(Z) and a F-invariant subset X of Vz, we put 

■= [SL2(z) : F] ^RF' ^(^'"^'^^ ■= ( fX\x,r) ) ' 

±P(x)>0 

where F^: = {7 € F | 7X = 7}. We put 

(is) :=e(s,Vz,SL2(Z)). 

This is the zeta function introduced and studied by Shintani j24j . As a generalisation, we 
introduce the following. 

Definition 3.1. We define 

e(s,a) ■.= ^{s,a + NVz,r{N)), 

^{s,X,a):= ^ x{detg)^{s,ga). 

g&GN 

We call .^(s, a) a partial zeta function and .^(s, o) an orbital L-function for the space of binary 
cubic forms. 

Remark 3.2. We later observe in Propositions 14.6] and W7l\ that we can define ^(s,X)0) in 
terms of only SL2(Z) and not F(A^). 

For these zeta functions, following basic properties hold. 

Lemma 3.3. (1) For g e Gn , C{s,x, 9^) = x{det gy^C{s,X,a)- 

(2) Wehavej:a^y^^{s,a)=as). 

(3) 7/5 G SL2(Z/7VZ), then £,{s,ga) = ^{s,a). 

Proof. These are not too difficult to verify from the definitions. Alternatively, one can apply 
Proposition 3.3 of [16] as follows: (1) immediately follows from definition, while (2) follows 
from Proposition 3.3 (1) and (4) of [T6]. For (3), first note that the canonical map SL2(Z) — )• 
SL2(Z/iVZ) is surjective. Take any lift 7 £ SL2(Z) of 5 E SL2(Z/iVZ), then 7(0 + NVz) = 
ga + NVz by definition. By Proposition 3.3 (2) of [16], we have 

as,ga) = as,ga + NVz,T{N)) = as,j{a + NVz),T{N)) 

= ^{s,j{a + NVz),^T{Nh-^) = as,a + NVz,T{N)) = as,a). 
Note that F(A^) is a normal subgroup of SL2(Z). □ 
We put 



T :-- 



1 

ti 



ti G GLi ^ ^ GLi 
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and T/v = Tj^/nx — {1i/NZ)^ . Then since G = SL2 xi T, we can write ^(s, Xi o) as 
(3.1) as,X,a) = 7^ E X(dett)e(s,ta). 

Since T/v is an abehan group, by the orthogonahty of characters we have the following. 
Proposition 3.4. We have 

^(s,o) = \GN\'^^^{s,x,a). 

X 

Here x runs through all the Dirichlet characters of conductors dividing N . 

Hence the study of partial zeta functions is equivalent to that of orbital L-functions. Since 
orbital L-functions are theoretically more natural to study, we concentrate on these for the 
rest of this paper. 

We put = V"^//vz ~ ^z/^^z- Then Gn acts on also. We define the zeta functions 
for the dual £,*{s, 6), ^*(s, x> b) for each h G in exactly the same way; letting 

c* („ YD— ^ \" l^^^l t:*(„Yr)—f ?+(^'^'^) 

' [SL2(z) : r] |P*(y)K ^ V ei(5,^,r) 

±P*{y)>0 

we define 

C{s,b) ■.= C{s,b + NVi,T{N)), 
r(s,X,ft):= Yl x{detg)Cis,gb). 

They satisfy the same properties in Lemma [3T3l Namely, J2bev* Ci^jb) = Ci^), C*(s,g6) = 
eis,b) for g G SL2(Z/iVZ), and e{s,x,9b) = xidet g)-'e{s^X,b). Here we put ^(s) = 

e(s,F2*,r(i)). 

We note that ^*(s, Y, T) = 27*^(s, l(Y),T) where t: is the embedding introduced in 

Section [21 The factor 27* comes from the relation P(t(y)) = 27P*{y) for y G Y C V^. Also if 
Y is defined by congruence conditions modulo in VJ, then i(y) is determined by congruence 
conditions modulo 3A^ in V^. Hence it is possible to write ^*(s,6) (and hence ^*(s,X;^)) in 
terms of linear combinations of ^(s,a). 

We conclude this section with the definition of the orbital Gauss sum. For a G Va^) b G V/^, 
we put (a, 6) := exp(27ri[a, fo]/A^). If we emphasize the dependence on A^, we write (a, 6) at also. 

Definition 3.5. For a G Vat, 6 G we define 

W^(X,«,^):= X] X(det5)(50,6) = ^ x(det5)(a, 56) 

and call it the orbital Gauss sum. 

The second equality holds because [a,gb] = [{det g)g^^ a, b]. If we emphasize the dependence 
on A^, we write VFAr(x,a, &) also. The following immediately follows from the definition. 

Lemma 3.6. For gi,g2 gGn, 

W{x, gia, g2b) = x(det 5(i)"^x(det 52)^^I^(x, a, b). 

In particular, if x° det is non-trivial either on GN,a or Gn^i,, then W{x, a, b) = 0. 

The significance of this character sum will be clarified in the next section. In particular, 
this appears in the functional equation satisfied by ^(s, x, «) and (,*{s, x^^, b). 
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4. Functional equation 

In this section we discuss the functional equation of the zeta functions. To begin, we recall 
Shintani's functional equation [24j . 



Theorem 4.1 (Shintani). Let 

M{s) := ^r(.)2r (s-^)r(s + 1) f f ^ ™ ^ 

^ ^ 27r'^^ ^ ^ V 6J K ' 6J \^3sm7rs sin27rsy 

ThcTi 

C(l-s) = M(s).r(s). 



An extension necessary for us was given by F. Sato [21] in a general setting. We recall 
his formula and apply it to our orbital L- functions. Let C{V]\f) and C(V^) be the space of 
C- valued functions on Vn and V^, respectively. 

Definition 4.2. For / G C{Vn), f* G C{V^) we define the associated zeta functions as follows: 

This is the most general class of the zeta functions from our viewpoint and this class contains 
partial zeta functions and orbital L-functions as special cases. Our main interest is the orbital 
L-function but the functional equation is described most naturally for this class. For / S 
OVn), we define its Fourier transform / G C{V^) by 

m = N-' ^ f{a){a,b). 

aeVjv 

By the Fourier inversion formula, we have /(a) = "^h^v* f{^){~'^->^)- 
By [2TI Theorem Q], we have the following functional equation. 

Theorem 4.3 (F. Sato). We have 

ai-s,f) = N^'^M{s).C{s,f). 

Sketch of proof. For the convenience of the reader, we briefly review Sato's proof. Let ^(Vr) 
be the space of Schwarz-Bruhat functions on V^. We put = {g £ Gr | det^ > 0} and 
denote by dgoo a fixed Haar measure on it. We define the (vector valued) local zeta function 

(4.1) roo($oo,s) '■= [ ^ \P{gooX+)\l^^oo{gooX+)dgoo, / ^ \P{gooX-)\l^^oo{gooX-)dgoo , 

where <I>oo G -^(Mr)- Here x± £ = {x £ Vm.\ ±P{x) > 0} is arbitrary. 

As in the proof of [25^ Theorem 5], we can take 'I'oo £ ^(Mr) such that $oo vanishes on 
{x £ Vm \ P{x) = 0} and $oo vanishes on {y £ \ P*{y) = 0}, where we put <i>oo(2/) = 
Jy^^{x)eyi^{-2m[x,y])dx. For x £ Vi,y £ V^, let f{x) = f{x mod iV) and J{y) = f{y 
mod N). Then by the standard unfolding methocO (see the proof of Proposition 18. 21 for detail), 

/ Idet^ool^ f{x)^oo{g<yox)dgoo = Too{^oo,s)i{sJ). 

JG+/r{N) 

On the other side, by the Poisson summation formula, 

^ /(x)$oo(5oox) = Idet^ooL^ /(y)$oo((det5oo)"^5ooy/A^). 

x&Vz y&V* 



^Though we use another integral expression for ^(s,x,i) to compute residue formulas in Section [HI we find 
this more convenient to prove the functional equation. 
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The rest of argument is standard in the theory of prehomogeneous vector space and we omit 
the details. □ 

Hence the study of the Fourier transform / is fundamental for further analysis of the func- 
tional equation. 

Let N = N1N2, where Ni and N2 are coprime integers. For /* G C{Vn.) for i = 1,2, we 
define f^xfe C(Fjv) by 

{fxf){a) = f\a mod Ni)f {a mod N2), a G Fjv- 

We use the similar notation for the dual space. We note that the Fourier transform [f^ x /^)^ 
of X does not coincide with X in general. Instead, we have the following. For 
i G (Z/A^Z)^ let ft{a) = f{ta). 

Lemma 4.4. With the notation above, we have 

Proof. Let f = x p. Then 

f\b) = N-'N^' ^ f{a){a,b)N,N,. 

By the Chinese remainder theorem, the set of a G VN1N2 is equal to the set of A^2ai + ^^102 for 
ai G Vi , 02 G V2 . Therefore, the quantity above is 

N^^'N^^ ^ ^ f{N2ai + Nia2){N2ai+Nia2,b)N,N, 

= N^^N^^ J2 fiN2ai)f{ma2){N2ai,b)N,NANia2,b)N,N2- 

We have {N2ai,b)NiN2 = (fli)^)iVi and {Nia2,b)NiN2 = {0'2,b)M2-i where we reduce b modulo 
A^i and N2, respectively, and the result follows. □ 

Let N = where Ni and Nj are coprime for i ^ j and P G C(y^r.). Then by the 

repeated use of this lemma, we have 

where WP ^ C{Vn) is defined similarly. 

We now introduce the following space of functions on V^, which are our main interest. 

Definition 4.5. We define 

C{Vn, x):={f:VN^C\ f{ga) = x{detg)f{a) for all 5 e Gat, a G Vn} , 

the space of GAr-relative invariant function with respect to x- 

Let / G C{Vn,x) and consider the associated zeta function ^(s,/). For x G Vz, let f{x) = 
f{x mod AT). We note that for 7 G SL2(Z), /(7a;) = f{x) since (7 mod N) G SL2(Z/iVZ) is 
of determinant 1. For / G C{Vn,x)^ the zeta function ^{s, f) has the following description. 

Proposition 4.6. For f G C{Vn,x), 

±P(a;)>0 
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Proof. For X C Vz, let = {x £ X \ ±P{x) > 0}. Then this follows from 



2;eSL2(Z)\y2* a;er(Ar)\V2± 

[SL,(Z):r(iV)]- j:/(a) 

C±(s,/)- 



^ |P(x) 



□ 



All the zeta functions we study in the rest of this paper will be of the form ^(s, /) for some 
/ G C{Vn,x)- We explain how ^(s, /) and / for these / are related to the orbital L-functions 
and the orbital Gauss sums introduced in Section [3l 

For a € Vat, we define f^^a G C{Vn) as follows: If x ° det is trivial on GN,a, we define 



/x,a(«') 



|GAr,a|x(det5) a' = ga,g e Gn, 
a' ^ On ■ a. 

Otherwise, we put f^ a = 0. Then one can easily see that 

e(s,/x,a)=e(s,X,«) and J^a{b) = N~^W{x,a,b). 
We also check that f^^a £ C{VniX)^ and moreover if / G CiVN^x)^ we have 

Hence we have the following. 
Proposition 4.7. Let f £ C(yN,x)- Then 

as,f) = \GN\-' Yl /(«)e(^>X,a), 

f{b) = N-^\GN\-' Yl 

aeVjv 

So we will study ^(s,X)«) and VF(x,a, &), and then apply the results to prove analytic 
properties of ^{s, /). 

For its own interest, we describe the functional equation of the orbital L-functions. 
Proposition 4.8. We have 

W{x,a,b) 



Mis) Y W{x,a,b)Cis,x-\b). 



\Gn 

Proof. By applying f^^a £ C{Vn) to Theorem 14.31 we have 

jY4s-4 

^(1 - s, X, a) = -T^M{s) Y W{x, a, b)C{s, b) 



\Gn\ 



^(^) E TP^ E W{x,a,gb)C{s,gb). 



\Gn\ , \GN,b\ ^r< 

beGN\V^ ' 9&Gm 
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Since W{xi 9^) = x(det g)~^W{x, a, b), we have the first equahty. Since the product W{xi o-i b)- 
^*{s,x~^ depends only on the GAr-orbits of b, we have the second identity. □ 

We discuss some general properties of the orbital Gauss sums. The following is easy to 
prove. 

Lemma 4.9. Let m \ N , a £ V^r/m, b G Vn and let x be a Dirichlet character whose conductor 
is a divisor of N/m. Regarding ma £ V^, we have 

WNix,'ma,b) = ^ WN/mix,a,b). 

I ^N/m I 

Proof. Since the action of Gat on ma G Vn factors through Gn GN/mi have 

|(^^| 

P^Af(x,ma,6) = ^ ^ xi<i(i^9){9ma,b)N- 

Since {gma,b)j\[ = {ga^b)^/^, we have the formula. □ 

We give two further properties of orbital Gauss sums, which are generalizations of those of the 
classical Gauss sum tn{x) = Ste(z/AfZ)x x{t) exp(27rit/A^). We do not use these results in this 
paper, but mention them because of their own interest. Recall that TN{x~^)TNix) = x{~^)^ if 
the conductor of x is N, and Tiyix) = otherwise (see e.g. (3.15) of pJJ). As a generalization, 
our Gauss sum satisfies the following. 

Proposition 4.10. Assume that x o det is trivial on GN,a- Then 

J_ ^p W{x~\-a'M W{x,a,b) ^ [x(detg) a' = ga, 
N\ \GN,b\ \GnA [0 a'^GN-a. 

Proof. By the Fourier inversion formula, 

/x,a(«) = E JZam-a\b) = N-^ Yl W{x,a,b){-a',b) 

= ^~' E T^^T.^(^^^^9b){-a',gb) 

beGN\V;, ' g&GN 

= N~^ E '^^l§^Wix-\-a',b). 
beGN\v* ' '^'^^ 

This is equivalent to the desired formula. □ 

We next describe the decomposition formula. Assume N = ni<i<r where {Ni,Nj) = 1 
if i 7^ j. Using the canonical isomorphism (Z/A^Z)^ = ]^(Z/A^jZ)^, we obtain a character Xi 
on (Z/A^iZ)x by restricting x- Then r^(x) = ni<i<r XiiN/Ni)TN,iXi) (see e.g. (3.16) of [llj). 
This is generalized as follows. 

Proposition 4.11. For a e Vn and 6 G V^, let Oj = (a mod Ni) G Vat. and bi = {b 
mod Ni) G V^., respectively. Then 

WN{x,a,b)= J] Xi{N/Ni)''WNAXi,ai,h)- 

l<i<r 

Proof Let / = f^^a e C{Vn) and fi = fi^Xr,a.r ^ C{Vn,) for each i. Then / = ni<i<r /«• Since 
{fi,N/N,T = XiW^ififi)^, the result follows from Lemma US □ 
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5. Orbit description 



For the specific study of the orbital L-functions and orbital Gauss sums, it is indispensable 
to describe the GAr-orbit structure of Vn explicitly. By the Chinese remainder theorem, this 
is reduced to the case when is a prime power. Let p be a prime. In this section, we study 
these orbit structures when N = p and N = p^. The theory over TLjpL is the base case and 
is well known, and the theory over 'L/p'^'L is a refinement of this. Besides its own interest, 
this is significant in the study of cubic fields, because the maximality criterion of cubic rings 
R over Z at p is given in terms of congruence conditions of the coefficients modulo p^ of the 
corresponding integral binary cubic forms x £ Vz- We will in fact prove this criterion in 
Proposition 15. 9i 

5.1. The case N = p. Let Tip be the following set of symbols; 



So each cubic form in Vp{3) is irreducible over Fp, while each cubic form in 1^(21) is the 
product of a linear form and an irreducible quadratic form over ¥p. We have {a G | P{a) = 
0} = Vpil"^!) U Vp{l^) U Vp{0). We say a e Vp is of type (a) if a E Vp{a). The description of 
rational orbits over a field is well known (see e.g., \28\ Proposition 2.1]). Each Vp{a) consists 
of a single Gp-orbit. Moreover, under the Delone-Faddeev correspondence in Theorem 12. 11 the 
corresponding cubic rings over ¥p are FpS, Fp2 x Fp, (Fp)^, Fp x ¥p[X]/{X'^), ¥p[X]/{X^) and 
¥p[X,Y]/{X'^,XY,Y^), respectively. Note that (0,1,0,0) G Vpil"^!) and (1,0,0,0) G Vp{l^). 
We always use them as orbital representatives of these orbits. The structure of the stabilizers 
for each orbit is given as follows. 

Lemma 5.1. The group of stabilizers ofGp^a of a of type (3), (21), (111), (1^1), (1^) and (0) are 
isomorphic to Z/3Z, Z/2Z, ©3, Fp , Fp x Fp, and Gp, respectively. Moreover, for (0,1,0,0) G 
^(1^1) and (1,0,0,0) G Vp{l^), the stabilizers are respectively given by 



Proof. If a G corresponds to a cubic ring Ra over Fp under the Delone-Faddeev correspon- 
dence, then Gp^a is isomorphic to the automorphism group Aut {Ra) as an Fp-algebra. It is 
easy to see that Aut (Fps) ^ Z/3Z, Aut (Fp x Fp2) ^ Z/2Z and Aut ((Fp)^) ^ 63. If 5 G Gp 
stabilizes a = (0,1,0,0), then g fixes (1 : 0),(0 : 1) G P^^ and hence must be a diagonal 
matrix. Now an easy computation determines the stabilizers of a. The stabilizers of (1, 0, 0, 0) 
are similarly determined. □ 





and 




As a result, we see the cardinality of each orbit. 
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Lemma 5.2. Let np{a) = \Vp{a)\. Then 

np{3) = 3-\p^ - 1)(/ -p), np{lh) = {p^ - l)p, 

np(21) = 2-i(/ _ l){p^-p), np{l^) = {p" - 1), 

np(lll) = 6-i(p2 - - p), np(0) = 1. 

Let Qp be the p-adic field and Zp its ring of integers. For (cr) G Sp, we define 
Vkp(cr) := {a £Vzp\ a mod p G Vp{(7)}, 
Vpe(a) := {a G Vpe \ a mod p G V^(cr)}, (e > 1). 

We say a G Vz^ or "V^e is of type (a) if a G Vzp{cr) or 'Vpe(cr), respectively. 
For the application in Section [71 we introduce the following function on Vp. 

Definition 5.3. Let fp G C{Vp) be the characteristic function of those a £ Vp with P{a) = 0. 

Obviously, fp G C{Vp,l). 

5.2. The case N = p^. In this subsection we study the Gp2 -orbit structure of Vp2. We put 
R := Z/p'^Z, and also pR := {pu \ u e R}, pR"" := {pu \ u e R""} = pR \ {0}. 
Let Sp2 be the following set of symbols: 

Sp2 = {(3), (21), (111), (1^ W), (I'U), (iLx), (1*), (!**)}■ 
We introduce Vp2{a) for (cr) = (l^lmax), (1^1*), (lmax)> (1**) which we show that 

Vp2ilh) = Vp2{lh^,,) U Vp2ilH,), 

Vp2{l^) = yp2(lLx) U Fp2(l3) U Vp2{ll). 

{(0,02,03,04) eVp2 I 02 G i?^,a3 G pR,a4 G pi?^}, 
{(0, 02, 03, 04) G 1^2 I 02 G i?^ , 03 G pR, 04 = 0}, 
{(01,02,03,04) G I Oi G i?^ , 02 G pR, 03 G pR, 04 G pi?^}, 
{(oi, 02, 03, 04) G V^2 I Oi G R^ , 02 G pi?, 03 G pR^ , 04 = 0}, 
{(01,02,03,04) G 1^2 I oi G i?^,02 G pR,a^ = 04 = 0}, 



Let 



max y 



Pp2(l2l 

Vp2{l'U) 

■^p^ (^inax) 
^?p2(l3) 



and 



yp2(o-) := Gp2 ■Vp2{a) 
for these (a). We say o G Vp2 is of type (a) if o G V^2(cr). We put np2{a) := |I^2((t)|. 

One may notice that Pp2(l^ax) set of modulus classes of Eisenstein polynomials mul- 

tiplied by units. We will prove in Proposition 15.91 that orbits containing these modulus classes 
correspond to cubic rings those are totally ramified at p. A similar interpretation in terms of 
partially ramified rings will be given for Pp2(l^lmax) also. We also give an interpretation of 
these stratifications in terms of p-adic valuations of P{x) in Proposition 15.71 

Let us study these sets. 

Lemma 5.4. We put 



s,t e R'^ ,n G pR 



(1) We have Vp2{l'^l) = Gp2 ■ Vp2{l^l). 

(2) Let a G Vp2{l'^l). Then for g G Gp2, ga G T>p2{l'^l) if and only if g e Gp2{l'^l). Moreover, 
6oi/i Pp2(l^linax) and T>p2{l^ljf) are Gp2 {1^1) -invariant. 
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(3) We have 71^2(121^3,) =^3(^2 _ i)(p2 71^2(121,) = /(p2 _ 1). 

Proof. (1) By definition 14,2(121) d Gp2Vp2{l'^l) and we consider the reverse inclusion. Let 
0, G l^(l2l). Then (a mod p) G Vp lies in the Gp-orbit of (0,1,0,0). Hence by changing an 
element of its Gp2-orbit if necessary, we may assume a = (ai, 1,03,04) where 01,03,04 G pR. 
Then the cubic form a{u,v) decomposes as a{u,v) = {aiu + v){u^ + a^uv + a4V^) in R[u,v]. 

Hence for 5 = ( ?^], we have ga G T>p2 (I'^l). 



1 

(2) Let o = (0,02,03,04) G Vp2{l^l), g G Gp2 and assume ga G Pp2(l2l). By considering the 
reduction modulo p, we see that g must be of the form 

5=1^ ^1, s,t e R ,m,n epR. 

Moreover, since the first coordinate of ga is {det g)~^ s'^ma2 and also {det g)^^ s'^a2 G R^ , we 
have m = 0. Hence g G Gp2(l2l). On the other hand, for this g, we have ga = (0, S02, 2no2 + 
foa, s~^i2o4). Note that nas = 0. Hence both T)p2{l^li^ax) and Dp2(l2l^) are Gp2(l2l)- 
invariant. 

(3) By (2), we have 

V(l'W) = |g|j(l2l)| |Pp^(l'lmax)| =/(p^ -P)(P^ - 1). 

The number ?ip2(l2l^) is computed similarly. □ 
Lemma 5.5. Let 



P^2(l3)=Pp2(l^,JUPp2(l3)UP^2(lt), 

s,t G -R^,77^ G i?,n G pi? 



(1) M^e /loue Vp{l^) = Gp2 ■ Vp2{l^). 

(2) Let a G Pp2(l3). Then for g G Gp2, ga G ^^2(1^) i/ and only if g & ^^2(1^). Moreover, all 
o/25p2(l^a,), Pp2(l3) andVp2{l^^) are Gp2{l^)-invariant. 

(3) W^e have np2{ll^) = p^{p^-l){p''-p), np2{\l) = p{p''-p){p''-l) andnp2{\l,) = p2(p2_i). 

Since the proof is similar to the previous lemma, we omit the detail. Note that for a = 
(01,02,03,04) G T>p2{l^) and 5 = (n T) £ ^^2(1^) (and hence n G pR), 

/ s^oi + s'^ma2 + sm?a^ + 771^04 \ 
3s2noi + 52^02 + 2stma3 + 3m'^ta4 
det g 5*2 03 + 3771*2 04 

We summarize the formulas for np{a) for convenience. 
Lemma 5.6. We have 



77p2(3)= 3-V(p'-l)(p'-p), 

7ip2(21)= 2-V(p2-l)(p2_p)^ 7Zp2(l2U)= p4(p2_l), 

77p2(lll) = 6 V(P^ - 1)(P^ -P), and 77^2 (1^) = p(p2 _ i)^^2 _ 

np2(l2W)= p3(p2_l)(p2_^)^ 77^2(1^,)= p2(p2_i)_ 

For {a) G Sp2 and e > 2 we put 

^p(^) := {a e I a mod p2 g 1^2(0-)}, := {« € ^« | a mod p"^ G 1^2(0-)}. 
By the definition of T>p2{a), we can easily see the following. 
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Proposition 5.7 




{xGyz,(l'l)|ordp(P(x)) = l} 
{xGyz,(l'l) I ordp(P(x)) > 2} 



and for p ^ 2,3 




{x G Vz,(l3) I ordp(P(x)) = 2}, 
{x G yz,(l') I ordp(P(x)) = 3}, 
{x G yz,(l') I ordp(P(x)) > 4}. 



We now describe the ring theoretic meaning of these orbits. We say that a cubic ring over 
Zp is maximal if it is not isomorphic to a proper subring of another cubic ring. We say that 
a cubic ring R over Z is maximal at p if it is not contained in another cubic ring with finite 
index divisible by p, or equivalently if i?(8> Zp is maximal as a cubic ring over Zp. We need the 
following auxiliary lemma. 

Lemma 5.8. Let R be a cubic ring overZp whose discriminant is zero. Then R is nonmaximal. 

Proof. Let K = R Qp and regard R C K. Since Disc(-ftr) = 0, -ftT is isomorphic to 
Qp X Qp[X]/{X^), Qp[X]/{X^) or qp[X,Y]/{X^ ,XY,Y^). In particular, K has a nilpotent 
element x. Take y & R such that R D QpX = Zpt/ and consider the ring R[y/p] C K. Since 
= 0, we have R C R[y/p] C p~^R. This implies that R[y/p] is free of rank 3 as a Zp- module. 
Since 72 is a proper subring of R[y/p], R is nonmaximal. □ 

Applying Theorem 12. H we have the following interpretation of the set Vp2 (a) for (a) = 
(3), (21), (111), (l^lmax) and (l^ax) ™ terms of maximal cubic rings over Zp. This also explains 
why the maximality condition may be detected modulo p"^. 

Proposition 5.9. A maximal cubic ring over Zp is one of the following: the integer ring 
Ol of the unramified cubic extension L of Qp, Op x Zp where Op is the integer ring of the 
unramified quadratic extension F ofQp, Zp, the integer ring of a ramified cubic extension 
L' ofQp, or Opi X Zp where Opi is the integer ring of a ramified quadratic extension F' o/Qp. 
An element x G Vij, corresponds to the above Ol,Op x Zp,Zp,C'i/ or Opi x Zp if and only if 
x G Vz^{a) where (a) = (3), (21), (111), (1^^^,^) or (l^lmax), respectively. In particular, Vzpicr) 
is a single Gz^-orbit for (a) = (3), (21) and (111). 

Proof. Let i? be a maximal cubic ring over Zp. By the lemma above, the discriminant is 
nonzero. Hence R^Qp D R is a separable cubic algebra over Qp and so it is a direct product 
Fi X • • • X F„ of field extensions Fi of Qp with Xlii-^i • Qpl — 3- Let Op^ be the integer ring of 
Fi . Since any elements oi Fi\0 p. generate Zp-algebras of infinite rank, any entries of elements 
oi R G Fi X ■ ■ ■ X Fn must be in Op.. Hence we have R C Op^ x ■ ■ ■ xOp^. Since R is maximal, 
we have R = Op^ x ■ ■ ■ x Op„ and the first statement follows. Let R = T^p x Op/ where F' 
is a ramified quadratic extension. Then Op/ = 'Lp\Q\ where G -F' is a root of an Eisenstein 
polynomial X'^ + cX + d G Zp[X]. Hence x(n, v) = v{u'^ + cuv + dv"^) G Vz^ corresponds to R 
by Theorem 12.11 and we have (x mod p^) G Pp2(l^lmax) C 1^2(l^lmax) by the definition of an 
Eisenstein polynomial. The other cases are proved similarly. □ 

Let V^^^ C Vp2 be the set of elements of any of the types above. V^^^ is defined by 
a congruence condition modulo p^ on Vz, and it detects cubic rings over Z maximal at p. 



Similarly we define V^^"" C and Vp"" C Vp.. 
Definition 5.10. We define the following subsets of Vp2: 



V^I^ := pVp2 U Vp2{ll,) U Vp2{ll) U Vp2{lH,) = Vp2 \ 

i/r :=ypruyp2(iLx)- 



max 
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We denote by $p,^*p € C(V^2) the characteristic functions of V^"™; respectively. 

Obviously ^>p, <I>p G C{Vp2, 1). <I'p detects cubic rings nonmaximal at p, and detects rings 
nonmaximal or totally ramified at p. The conditions corresponding to these functions were 
introduced in the seminal work of Davenport and Heilbronn [5J, who originally proved the 
main terms of Theorem II. 41 bv studying the space of binary cubic forms. These functions play 
important roles in our proof of Theorem 11.41 as well. 

In Section m we will compute the Fourier transform of <I>p, and hence the related orbital 
Gauss sums explicitly. For that purpose, we study the orbit structure of V^2 (cr) for (a) = (1^1*), 
max ), (1**), (1*), and (Imax) more closely. 



Lemma 5.11. (1) Assume p ^2. The stabilizers of elements a = (0, 1,0,0) G Pp2(l^l^) and 

are respectively given by 



a' = (0,1,0,04) e Vp2{l'^lr 



Gp2^a' 



1 

t 

1 

t 



teR"" 

• X +2 



t G i?"" , r = 1 mod p 



Moreover, b' = (0,1,0,64) e Vp2{l'^l 

max) ^^6s in the orbit Gp2 ■ a' if and only if b/^ — t 

for some t £ R^ . 

(2) Assume p ^ ?>. The stabilizers of elements a = (1,0,0,0) G Pp2(l^^), a' = (1,0, 03,0) G 
Vp2{l^) and a" = (1,0,0,04) G 'Dp2(l^j^x) are respectively given by 



Gp2^a' 



Gp2^a" 



t m 
t2 



t £ R^ ,m £ R 



t m 
+2 I ^2, 



2tma^/2, t^ + m^as/S 

t £ R^ ,m £ pR,t^ = 1 modp^. 



t £ R'^ ,m £ R,t^ = 1 mod p } , 



t m 
t^ 



Moreover, b' = (1,0,63,0) G Pp2(l^) lies in the orbit Gp2 ■ a' if and only if b^ = t^a^ for 
some t £ R^ , and b" = (1,0,0,64) G Pp2(l^j^x) lies in the orbit Gp2 ■ a" if and only if 
64 = t^a4 for some t £ R^ . 

Proof. (1) Let g £ Gp2 satisfy ga = a, ga' = a' or ga' = 6'. Then {g mod p) £ Gp stabilizes 
(0, 1, 0, 0) G Vp. Hence by Lemma [STTl g must be of the form 



1 + / m 
n t 



t £ R^ ,l,m,n £ pR. 



For this g, we have 



1 



ga 



-(m, (l + /)2t,2nt,0), ga' 



1 



(m, (1 + lft,2nt,a4t^). 



det g det g 

If ga = a, then by comparing the first and third entries, we have m = n = 0. Note that 2t £ R^ 
since p ^ 2. Now by comparing the second entries, we have (det5)~^(l + l)'^t = 1 + ^ = 1 and 
hence 1 = 0. If ga' = 6', by a similar argument we have m = n = I = and 64 = t'^a^. In 
particular, if 64 = 04, this holds if and only if m = n = / = and t^ = 1 mod p. This proves 
(!)• 

(2) Let g £ Gp2 satisfy ga = a, ga' = a', ga' = 6', ga" = a", or ga" = b" . Then (g 
mod p) £ Gp stabilizes (1,0,0,0) G Vp. Hence by Lemma [HTTl g must be of the form 



g 



t m 
n t^ + 1 



t £ R^ ,m £ R,n,l £ pR. 
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For this g, we have 

det g 

^ \t^+tl — mn^ t^ + tl — mn ^t^ + tl — mn'' 

tm?a^ + mn — tl 3n + Ita'^ni 9 
IH p , ,t 03,0 

ga" = it^ + m^a^, St^fn + vn?aA,2>mt'^a4^, t^aA. 

det g 

By the first formula, ga = a holds if and only if n = and / = 0. Note that 3t^ £ since 
p ^ 3. Similarly by the second formula, ga' = h' holds if and only if 

n = — 2ta3?7i/3, I = m^a^ + mnt^^ = m^a^/S, 63 = t'^as. 

Let ga" = b" . Then by comparing the third and second entries, we have m G pR and n = 0. 
Also since tV(det g) = 1,1 = 0. Now comparing the last coefficient, we have ^4 = t^a^. Hence 
we have (2). □ 

Now we are ready to prove: 

Proposition 5.12. (1) Letp^2. 

(i) We have ^^^2(12^) = Gp2 ■ (0,1,0,0). 

(ii) The setVp2{l'^l 

max) consists of two Gp'2-orbits and each orbit has the same cardinality 
2~^\Vp2{l'^lraax)\- For any ui,U2 G such that Ui/u2 is not a square, (0,l,0,pMi) 
and (0, l,0,pti2) are representatives of the two orbits. 

(2) Letp^S. 

(i) We have ^(1^) = Gp2 ■ (1,0,0,0). 

(ii) If p = 2 mod 3, ^2(1^3^^) consists of single Gp2 -orbit. 

(iii) Let p = 1 mod 3. Then ^2(1^2^^) consists of three Gp2-orbits and each orbit has the 
same cardinality 'i^'^\Vp2{\^^-^\. Let {mi,M2,M3} C be a set of representatives of 
Fp/(Fp)'^. Then we can take (1, 0, 0,pui), z = 1,2,3 as representatives of the three 
orbits. 

(3) Let p 7^ 2,3. The set Vp2{l1) consists of two Gp2-orbits and each orbit has the same cardi- 
nality 2~^\Vp2{l1)\. If ui,U2 € ¥p are such that ui/u2 is not a square, then (l,0,piii,0) 
and {l,0,pu2,0) are representatives of the two orbits. 



Proof (1) Let a = (0, 1,0,0) G ^^2(12^). By LemmaEHl we have |Gp2 ,j| = p^ — p. Hence 

\r n\ _ /(p2-p)(p2-i) n-iT/n^i 

|G,2.a| = ^- ^^-^^ -p{p -1)-K2{1 U 



and we have V^2( 1^1^) = Gp2-a. Let a' = (0,1,0,04) G Vp2(l'^lraa.x)- Then we have |Gp2^„/| = 2p 
and hence we have \Gp2-a'\ = 2~^p^{p'^—p){p'^ — l) = 2~^\Vp2{l'^lma.x)\- Hence 1^2(1^1^) consists 
of 2 orbits. Combined with Lemma 15.111 (1). we have (ii). 

(2), (3) are proved in the same way. Let p 7^ 3 and let a, a', a" be as in Lemma [5.111 (2). 
Then 



\Gp2j=p'^{p^ -p), \Gp 



p = 2 mod 3, 
3pi^ p = 1 mod 3. 

If further p 7^ 2, then |Gp2 = 2p^. The rest of the argument proceeds similarly. □ 
We conclude this section with supplementary results which we use in residue computations. 
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Proposition 5.13. Let R be a non- degenerate cubic ring over TL^ and let Vz ,r be 

the set of elements corresponding to R under the D clone- Faddeev correspondence. Normal- 
ize the Haar measure on V^^ such that the total volume is 1. Then the volume of Vip^R is 
|AutZp(-R)|~^|Disc(i?)|^^(l — p~^){l — p~'^), where |Disc(i?)| is the discriminant of R as a 
power of p. 

Proof. Recall that for any x £ Vq^ with P{x) ^ 0, Gq^ • x is an open orbit in Vq^. Let dg be 
the Haar measure on Gq^^ such that the volume of Gzp is 1. Then by the computation of the 
Jacobian determinant [2 p. 38], we have 

m) |p. x| = \ / H9x)dg 

for an integrable function (p on Gq^ ■ x C Vq^. Hence the same computation shows that 

ny) >pt Ni = — > / n9x)dg. 

Now let X £ Vzp,R and let (j) be the characteristic function of Vzp^R = Gzp • x. Then since 
Gzp,x — Autxp(-R) and \P{y)\p = |Disc(i2)|~^ for all y £ Vzp^R, we have the result. □ 

Proposition 5.14. (1) For a £ Vp of type (3), (21), (111), GpO -\- pVzp is a single Gzp- orbit. 

(2) For p 7^ 2 and a £ Vpi of type (l^lmax)? G^ia + p'^Vzp is a single Gzp-orbit. 

(3) For p / 3 and a £ Vp2 of type (l^ax)? Gp2a + p'^Vzp is a single Gzp-orbit. 

Proof. (1) follows from Proposition 15.91 Alternatively, we can prove this as follows. Let 
d £ Vzp be a lift of a and R the corresponding (unramified) cubic ring. Then obviously 
Gzpd C GpQ + pVzp. On the other hand, by Lemma [5T] and Proposition 15.131 we see that the 
volumes of these sets are equal: 



iGpa+pVzp \Gp,a\ \AutZp{R)\ Jcipd 

Since both Gzpd and GpO + pVzp are open, they coincide. 

(2) and (3) are proved similarly. We recall the classification of ramified quadratic and cubic 
extensions of Qp. If p ^ 2, then there are two ramified quadratic extensions of discriminant p. 
If p = 1 mod 3, then there are three cyclic ramified cubic extensions, and \ip = 2 mod 3 there 
is a unique non-cyclic ramified cubic extension, and the discriminants of all these extensions 
are p^. Let R be the (maximal ramified) cubic ring corresponding to a lift a of a. Since 
R is maximal in R® Qp, Autzp(-R) — Aut (i? (g) Qp). Lemma [5.111 asserts that |G'p2,j| = 
|AutQj,(i?0 Qp)||Disc(i?)|-^ for each case and hence we have the result. □ 

We will use the following result in Section [831 We prove this with the aid of PARI/GP [18] . 

Proposition 5.15. For p = 3 and a £ VpS of type (l^ax)' Gp3a + p^Vzp is a single Gzp-orbit. 

Proof. It is known that there are 9 ramified cubic extensions of Q3 (see e.g. |12j ) and hence 
^p(lmax) consists of 9 Gzp-orbits. We list a set of representatives in the table of Proposition 
18.201 Using PARI/GP [IB] to explicitly calculate the stablizer group in Gzjrjz for each repre- 
sentative a £ V'2/27z(lmax)' Confirm the identity IGpS^al = |Aut(Qp(i? (g) Qp)||Disc(i?)|~"^ as 
above. This finishes the proof. □ 

6. Computation of singular Gauss sums 

In this section, we explicitly compute the Fourier transforms of the functions fp £ C(lp, 1) 
and <I>p, ^'p £ G{Vp2, 1) introduced in Definitions 15.31 and 15. 101 By Proposition 14. 7[ it suffices to 
evaluate the orbital Gauss sum iy(l, a, b) for all b and for a in the support of these functions. 
We call these Gauss sums singular because P{a) is not invertible for any such a. 
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For N = p, these Gauss sums were computed by S. Mori [13]. We first review his results 
and then study the case N = p'^ hy extending Mori's approach. 

6.1. The case N = p. In this subsection we will prove the following. 

Proposition 6.1. The Fourier transform of fp G C{Vp) is given by 



fp{b) 



-p' 



■P 



1 o 

p + p 



p 



P*(6) /O, 
P*(6) = 0,6/0, 
6 = 0. 



By Proposition 14.71 



P~^\Gp\ 



fp{a)W{l,a,b)=p-^\Gp\-^ ^ Wil,a,b) 

P{a)=0 



and so we are interested in W{l,a,b) for those a with P{a) = 0. Let p ^ 3. Then the map 
l: V* ^ Vp is an isomorphism of Gp-modules, so we may and do identify V* with Vp. Hence 
the orbital Gauss sum VF(x, a, 6) is defined for a character x on and a, 6 G Vp. Since the 
bilinear form (|2.ip is alternating, we have W{x,b,a) = x{—^)W{x,a,b). As mentioned above, 
explicit formulas for these Gauss sums were proved by S. Mori [13]. Here we quote some of his 
results with his permission. 

Proposition 6.2 (Mori). Let p ^ 3. Assume x = 1 o'^^ ^i^) = 0, a ^ 0. Then W{l,a,b) is 
given by the following table. 



type of 6 


a : of type (1^) 


a : of type (1^1) 


(0) 


(p'-pKp'-i) 


(P^ -P)(/ - 1) 


(13) 


-p{p - 1) 


p{p-lf 


(1^1) 


p{p-iy 


p{p- l){p-2) 


(111) 


pip-l){2p-l) 


-3p{p - 1) 


(21) 


-p{p - 1) 


-pip - 1) 


(3) 


-p{p- l)(p + 1) 






Since Mori's preprint is not yet available, we will give a brief outline of his proof in Remark 
6.71 in the next subsection. 



Proof of Proposition The case p = 3 can be checked numerically, so we assume p ^ 3. As 
above, we identify V* with Vp. When 6 is of type (111), by Lemma and Propositions 14.71 
and! 



fpib) 



p'lGp 



' Wil,a,b) 

aGVp(0)UVp(l3)UVp(l2l) 



(P - l)(r -p)-l+p{p- l){2p - 1) • {p^ - 1) - 3p{p - 1) • p{p^ - 1) 



-P 



-3 



□ 



p4^p2 _ l)(p2 _ 

All the other cases are computed similarly. 

6.2. The case N = p^. In this subsection we assume p ^2,3. We identify V*2 with Vp2 via l. 
Recall that we defined G C(V^2, 1) in Definition 15.101 In this subsection we will prove: 

Theorem 6.3. The Fourier transform of <&p is given as follows: 

(1) Let b G pVp2. We write 6 = pb' and regard b' as an element ofVp. Then 

p^^ b' : of type (0), 



p ^ + p 



%{pb') 



P 



-P 



b' : of type (l=^),(l2l), 
b' : of type (111), (21), (3) . 
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(2) For beVp2\ pVp. 



p 







p ^ b : of type (l^J, 
b : of type (l^), (1 
otherwise. 



^ ) 

max / ' 



Theorem 6.4. The Fourier transform of $p is given as follows: 
(1) Let b G pVp2 and write b = pb' as above. Then 



%{pb') 



'2p-^- 


-4 

- p 


6' 


of type (0), 


p-3 _ 


P~' 


6' 


of type (l^), 


2p-3 . 


-2p-4 


6' 


o/iype (l^l), 


' 2p-3 - 




b' 


o/%pe (111), 


-P-' 




b' 


of type (21), 


_p-3 




y 


o/%pe (3). 



(2) For 6 G ^ 2 \pK2, 



— S —4 
p o _ p t 



-P 







6 ; o/iype (l^J, 
6 ; of type (1^), 
otherwise. 



Remark 6.5. We may check that our results are consistent with the Parseval formula 

and similarly for 

To prove these theorems, we evaluate W{l,a,b) for a G V_^^: 

Proposition 6.6. Assume b G Vp2 \pVp2 . Then for a G the orbital Gauss sum W{1, a, b) 

is given by the following table: 



type of b 


a : of type (l^J 


a : of type (1^) 


a : of type (1^^^) 


a : of type (1^1*) 


(1** ) 


p^(p - 1)^ 


p°{p - ly 


—p^{p — 1) 


P^{P - 1)^ 




p^{p - ly 


p^{p - 1)^ 


—p^{p — 1) 


-p^{p-l) 


(l3 ) 

\ max/ 


—p^{p — 1) 


—p'^{p — 1) 


p^ in average 







p^{p - ly 


—p^{p — 1) 








fl^l ) 
V-"- -"-max^ 


—p^{p — 1) 


p^ in average 








(111) 














(21) 














(3) 















Here, when we say ''in average", we fix b and take the average of W{l,a,b) over all a of the 
given type. For example, if b is of type (l^lmax)j "p^ in- average" in the second entry means 
1^^2(1^)1^"'^ X^aeF 2(12) ^(-'-'^'^) ~ P^- C^^^ individual values are described in the proof also.) 

The theorems follow from Propositions 16.21 and 16.61 



Proof of Theorems \6.3\ and \6.4\ Assume b = pb' , b' G Vp. Then we have Wp2{l,a,pb') = 
p^Wp{l,a,b') by Lemma 14.91 There are respectively p^, p^{p^ — 1) and p^{p'^ — 1) elements in 
V^™ whose reductions modulo p are of type (0), (1^) and (1^1), respectively. Similarly there 
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are respectively p , p {p — 1) and p {p — 1) in V^"™. Hence by Propositions 14.7 1 and 16.2} if h' 



is of type (111), we have 
%{ph' 



1 V- ,,^ p3(p2 _ p)(^2 _ ^ (2p - 1) - 3ri 



$^(p60 



1 V- ..... ,M p^(p^-p)(ff2-l){l + (2p-l)-3} 
— - ^ T^p(l,a,6) = 



P I I 



-p 



2p-^ - 3p-l 



Other cases of 6 G pVp2 are obtained similarly. Now let b G Vp2 \ pVp2. Then since (6 mod p) / 
0, we have 

^ M^p2(l,a,5) ^ M^p(l,a',6) = 0. 

aepyp2 a'eVp 

Hence by Proposition 14.71 



Mb) . 



^ Yl Wp2{l,a,b) and %{b) = ^ Wp2{l,a,b). 

P I (-Jp2 I 



aev-r\pVp2 



□ 



Our formulas now follow from Proposition 16.61 and Lemma 15.61 

We now come to the proof of Proposition 16.61 

Proof of Proposition \6M We prove this by case by case direct computations. We begin by 
introducing some notation and explaining our approach. Since VF(l,a,6) depends only on the 
Gp2-orbits of a, 6, we will take a specific representative from each orbit and compute for those 
a, b. We will choose b as follows according as its type: 



type of b 


b 


condition on the coefficients 


(It) 


(1,0,0,0) 




(1^ 


(1,0, /,o) 


/ Gpii^ 


fl^ ) 


(1,0, A;,-/) 


k G pR, I G pR^ 


(1^1*) 


(0,-1,0,0) 




(1 Imax) 


(0,-1,0,-/) 


lepR"" 


(111) 


(0,-1,1,0) 




(21) 


(0,-1,0,-/) 


+ 1 G R[ti\ is irreducible 


(3) 


(1,0, A:,-/) 


u"^ + ku — I G R[u] is irreducible 



For b of type (lmax)5 let /c = but we sometimes leave it as is to treat types (1 

and (3) simultaneously. We will choose a G Vp2 later. 
We put 



max /I 



G'p2.i := \ gi := t{l - mn) 



s 0\ / 1 n 
1/ \m 1 



G. 



p2,2 



92 



s 0\ f m 1 + mn 



1/ V 1 



n 



s,t e R'^ ,n e R,m e pR 



s,t G R^ ,n,m £ R} C Gp2. 



Then Gp2 = Gp2 ^ U Gp2 2- We also drop and write Gi = Gp2 i,G2 = Gp2 2- We write 
{t) := exp(27rit/p^), hence (a, 6) = {[a,b]). We put 

Wiia,b) := {[9ia,b]) i = l,2, 

and compute this value for each choice of a, b. We recall the formula (12. ip . 

[a, = 0461 - -^0362 + ^02^3 - aibi, 
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for a = (ai, a2, 03, 04), 6 = (61,^2)^37^4) £ which will be used throughout. When conve- 
nient, we write an element of Vp2 as a row vector via its transpose. 
We immediately see that 



5; it) = 0, Yl ipt) 

teR^ teR^ 



-P^ Yin) = ^(j9n) = X] = 0- 
nER nER nEpR 



We use these formulas and their variations very often. For example, if f{s, m,n) e R is a 
function independent of t and f{s,m,n) G for all s,m,n, then 

Y 5:(i-/(.,m,n))= Y E^*)=0- 

teijx s,m,n s,m,nteR^ 

Also, if g{s,m) G pi? is independent of n and a G pi?^ is a constant, then 

These are typical examples of change of variables, and we omit the explanation of such modi- 
fications when they are easy and natural. Finally, note that W{l,a,h) = W {\,b,a). 

We now carry out the computation. In what follows, we see that W2{a, 6) = and VFi(a, h) 
is given by the table of the proposition for all of our chosen representatives. 

(I) a is of type (1^*). We choose a = (1,0,0,0). To make the computation easier we replace 
the variables t, m of gi by st~^m and t, m of 52 by st and s~^m. Then since the variable 
m of gi is in pR and hence = 0, we have 

/ t \ 

3m 




gia 



g2a = t 



3m 
\ 1 J 



If 6= (1,0,0,0), then since =p^{p-lf, 

SlSGi 326G2 s,m,nt£Rx 

If 6= (0,-1,0,0), then 



W,{a,b)= Y 1=/(P-1)', W2ia,b)= Y{tm) 

9ieGi g-z'^G-z 



Y E <M = 0- 

s,t,n meR 



If 6 = (1, 0, 1, 0) is of type (1^), then since 1 -|- Im"^ G R^ for any m e R, we have 

W^i(a,6)= J] l=p5(p-l)2, W2{a,b)= Yl m + lm^))= E = 
sieGi 32eG2 g2eG2 

If 6 = (0, -1, 1, 0), then Wi{a, b) = Zg.eG^ i^) = and 



W2{a,b) = Y {t{m + m^)) 



E + E + E ]{tim + m^)) 



= + 2(p-l) Y (-p) + 2 E 1 = -2/(p - 1)^ + 2/(p - 1)2 = 0. 
neR,seR^ neR,s,t^Rx 

Let 6 = (0, -1, 0, -I) be either of type (l^lmax) or (21). Then I G pR"" if b is of type (l^lmax) 
and Z G i?^ if 6 is of type (21). Also 1 -I- Zm^ G R^ for any m, since 1 -|- IX'^ G -R[X] is an 
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irreducible polynomial. Hence we have 

E.,^,nO = (21), 

W2{a,b) = + ^"i^)) = J2 = H H = ^■ 

52662 92662 s,t,nmeR 

Finally, if 6 = (1, 0, k, —I) is of type (l^ax) oi" (3), then by a similar consideration as above, 

Ss,m,n = (3), 



W2ia, b)= {til + km^ + ^m^)) = 0. 
526G2 

(II) a is of type (1^1*). We consider this case next. We choose a = (0, 1,0,0). Then 



2 

s n 



\ 



gia = t 



s{l + 2nm) 
2m 

V / 



92a = t 



( s^{m? + nm^)\ 
s{2m + 3nm^ 
1 + 3nm 



V 



s 



) 



If 6= (0,-1,0,0), then 

wMh) = E(T^ = E E w = 0' 

gieGi s,t,nm€pR 



nm) 



52eG2 



t,s m,n 



Yit) Yinm) = ^ (nm) ^ {t) = 0. 

m,n,s tgijx 



t.s m.n 



Let 6 = (1, 0, 1, 0) be of type (1^). Since I G pR^ and 1 + Is m is always a unit, we have 

3ieGi s,m,nt^Jix s,m,n 

W,{a, b)=Y: (^{^ + «(- + ^W)}) = ^(^) ^(^n(l + I.W)) = 0. 
Let 6 = (0, -1, 1, 0) be of type (111). Then 



Wi{a,b)= ^ ( (2m + s(l + 2nm)))= ^ {t) = 0. 



gisGi 



flieGi 



For W2{a,b), we have 



W2{a,b)= ^ ^(-(l + 2ms + 3n(m + sm2))). 

s,t,m n 

We divide the sum according as m + sm^ = m(l + sm) G i?^ or not. The former is 



V (|(1 + 2ms))(tn(m + m^s)) = V (|(1 + 2ms))(n) = 0. 

Let m+sm^ G pi?. Then either m G pR or ms G — 1+pi?. Hence {l+2ms+3n{m+ sm^)) G i?^ 
and so the latter sum is as well. Hence W2{a, b) = 0. 
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Let b = (0, -1,0, -/) be of type (l^lmax) or (21). If b is of type (l^lmax) then s'^nl G pR 
and if 6 is of type (21) then s'^l G for any s, n. Hence 

2i 



2"^ , .2„nv _ JEM,nE„.ep«(M=0 (1^1 



^ iEM,mE„eii(M = (21). 

For W2{a, b), since 1 + s^m^l G i?^ , we have 

W2(a,6)= ^ {t{^ + s^m^l)){tnm(l + s^rr?l)) = ^ (i(^ + sWZ)) ^(ram). 

92eG2 t,s,m n 

Since Ene_R('^™') ~ ^ unless m = 0, we have W2{a, b) = J2t s ni^/"^) ~ ^■ 

Let b = (1, 0, k, —I) be of type (Imax) or (3). If b is of type (Imax)) since I G pR^ , 

W^i(a,6)= Y: (t(y + ^^H)= E(^)E(*^'^^) = 0- 

pieGi t,s,m n 

If b is of type (3), then since s^l + G i?^, 

i^, («,&)= E (M-'^ + ^-))(^) = E(-)(^) = o- 



Moreover for both types. 



92&G2 





/s2(l + an2)\ 


/ 


gia = t 


3m 


, g2a = t 


a 




I ) 


V 



Since + sm^A; + s'^m^l G i?^, W2(a,6) = Eg^{n){t{^ + s^m^/)) = 0. 

(Ill) a is of type (1^). Let a = (1,0, a, 0), where a G pR'^ . By replacing m of g'l with 
s~^m — 2Q;n/3, we have 

s(3m^ + aiSnPm? + 4nm + 1)) 

3m + a(3n^m + 2n) 

s"^(l + an2) J 

Let 6 = (1, 0, 1, 0) be of type (1^). Then 

Wiia, 5) = E 1 = P'iP - 1)"' ^2(a, 6) = E + "^') + ^^"^')) = E = 

Let 6 = (0, -1, 1, 0) be of type (111). Then Wiia, b) = Et,s,n(^"/3) Em(M = 0, and 
W2(a,6)= E (|(3m + a(3nV + 2n)))(^(3m^ + Q;(3nV^ + 4nm + l))) 

= Ef E w(i^>+ E<^(-+T))<T' 
= E EE^«)^*)+ E EE<-)(*) = 0+0 = 0- 
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Let b = (1,0, k, —I) be either of type (Imax) (3)- Then 
Wi{a,b) = f ^9ieGi< 
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(1 



max / ' 



Eg,eGi(ia«' + (^"^ + o^s'nH))) = T^g^ecS^) = (3), 
W2{a,b)= ^ {t{s-^{l + ks^m^ + ls^m^) + af{s,n,m)}) = ^{t)=0. 

Note that 1 + ks^m? + /s^m^ = 6(1, sm) G i?^ for all s, m. 
Let 6= (0,-1,0,-/) be of type (l^lmax) or (21). Then 

W2{a, b) = Y,{t{m{l + Im^s^) + ^/(s, m, n)}), 

G2 

where /(s, m, n) = J>n?m + 2n + s^(n^m'^ + 2nm? + m)l. Note that 1 + Irn^s^ E ii^ . If m G pR, 
then af{s,m,n) = 2na. Hence 

2na, 

T 



T^2(a,6)= J] ^ (t(m + ^)) = + = 0. 



If 6 is of type (21), 



If 6 is of type (l^l^ 



Wi{a, b) = V(t(/s^ + ^ + /sVa)) = 0. 
Gi 



Wi(a,6)= ^(t(| + /s2))= ^ j;(t(a + 3Z.2)). 

giGGi s,m,nteR^ 

We consider whether a + € pR is or not for s G i?^. Note that since a, 3/ G pi?^, we 
can regard a/3/ G . If —a/3/ is not a square in , then a + 3/s^ G pi?^ for any s G i?^. 
If —a/3/ is a square in F^ , then a + 3/s^ = for 2p choices of s G R^ , and a + 3/s^ G pi?^ 
otherwise. Hence 



x\2 



Wi{a,b) 



12P E,n,n(p' -P) + {P^ - 3P) Em,n(-P) = / + / -a/3/ G (F^^ )2 



By Proposition [5l2] (2), for a G 14,2(1^), -a/3/ G (F^)^ or -a/3/ ^ (F^)^ occurs with equal 
probability. Hence the average value of Wi{a, b) with respect to a G ^^2(1^) is p^. 

(IV) a is of type (ij^ax)- Proposition 15.121 we can take a = (1,0, 0, a) for some a G pR^ . 



92a = t 



/ s'^{m^ + a{mn + 1)^) \ 
3s{m? + an{mn + 1)^) 
3(m + a'n?{mn + 1)) 



Then 

/s2(i + an3)\ 
3s(m + ain?) 
= ' 3an 

\ s~^a ) 

Let b = (0,-1,1,0). Then 

Wi{a, b) = ^ ^ (t(sm + an + asn^)) = ^ ^ (m) = 0, 

s,t,nmepR s,t,nmGpR 

+ an^{mn + l)))(st(m^ + an{mn + 1)^)) 

32eG2 

= ^ ^ (t)(ts) + X] X] + an2))(atsn) = + = 0. 

s,t,nmeR^ s,t,nm&pR 
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Let b= (0,-1,0,-/) be of type (l^lmax) or (21). Then 

W2{a, 6) = ^ {t{m{l + /s^m^) + a(n^(mn + 1) + /s^(mn + 1)^)}) 
926G2 

= E E ^*) + E E {t{m + a{n' + s'l))) =0 + = 0. 

Let 6 = (1, 0, k, —I) be of type (3). Then 

Wi{a, b)= (t(/s2 + ksm + 0(5"^ + Ajn^ + /s^n^))) = ^ ^ (t) = 0, 

W2{a,b)= "Y {t{s-^{l + ks^m^ + ls^m^) + af{s,m,n)}) = ^ ^ (t) = 0. 

Note that 1 + ks^m? + Is^m? G i?^ for any s, m. 

Let b = (1,0,0,-/) be of type (iLx)- (% Proposition EISl we may assume k = 0.) 
Similarly to as above, we have W2{a, b) = 0. For Wi{a, 6), we have 

W,{a, b)= ^ (^(a + sH)) = E(*(" + 

giSGi t,m,n s 

We consider whether a + s^/ G pi? is or not for s G i?^ . 

First, let p = 2 mod 3. Then a + s^l = for p choices of s and a + s^l G otherwise. 
Hence 

Wi{a,b) = pY 1 + (P^ - 2p) E*^~^) " ^(^^ ~ ~ ~ ^^^^"^ " P^- 

Next let p = 1 mod 3. If —a/l is not a cube in , then a + s^/ G piZ^ for all s. If — q// is a 
cube in Fp , q + s^/ = for 3p choices of s and a + s^l £ pR^ otherwise. Hence 



Wiia,b) 



Ern,n,t 1 + " 4p) Em,n(-P) = / + 2/ -a/l G (F 



x\3 
p J ■ 



By Proposition 15.121 (4), the average value of Wi{a, b) with respect to a G ^2(l^a^x) is |(p^ — 
/) + i(/ + 2p6) □ 

Remark 6.7. We briefly review Mori's proof [T3] of Proposition 16.21 The outline is quite 
similar to the proof above. We fix a prime p ^ 3. Let 



Gp,i := <gi-=t 



l) (o l) ^^t^^P^^^^p] cGp, 



s,t G Fp ,n,m G Fp ^ C Gp. 



„ [ , I s 0\ f m 1 + mn 

Gp,2 := |ff2 := ^0 ijl^l n 

Then Gp = Gp^i U Gp,2- We drop p and write Gi = Gp^i,G2 = Gp^2- We write (t) := 
exp(27rii/p), hence {a,b) = {[a,b]). We put Wi{a,b) := &]) and compute this 

value. Note that W{1, a, b) = VFi(a, b) + ^2(0, b). In this case of Fp = TLjpTL, we have 

j;(t) = -l, 5^(n)=0. 
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Let a = (1,0,0,0) be of type (1^). Then a change of variables similar to that in (I) in the 
previous proof, we have gia = {t, 0, 0, 0), g2a = t{m^, 3m^, 3m, 1). If 6 = (1, 0, 0, 0), then 

W,ia,b)= ^l = \G^\=p{p-lf, W2ia,b)= ^ {t) = ^ (-1) = -p\p - 1), 

geGi 9&G2 s,m,,n 

and hence W{l,a,b) = -p{p-l). If 6 = (0,1,0,0), then 

Wi{a, b)=Y,^=P{p- 1)'. W2=Y. (tm) = ^(m) = 

g&Gi 9&G2 s,t,n m 

and W{l,a,b) = p{p — 1)^ follows. If 6 = (1,0, A;,—/) is of type (3), then / G and also 
1 + m?k + m?l G F!^ for aU m € W^. Hence 



Wi{a,b)= Y^{tl) = -p{p 


-1), 


W2{a,b) = 


geGi 






and so W{1, a, b) = —p{p^ — 1). 


Let a 


= (0,1,0,0). 




/ s^n\ 


/ 


gia = t 


s 



, g2a = t 




I ) 


\ 



s{2m + 3nm?) 
1 + 3nm 



s 



J 



Let 6= (0,-1,1,0) be of type (111). Then 1^1(0, 6) = EgeGi(*s/3) = -p(p-l)- For W2{a,b), 
by exactly the same consideration as in (II) in the previous proof, 

W2{a,b)= (i(l + 2ms))(n)+^(^)+ ^ (-^)=0-p(p-l)-p(p-l) = -2p(p-l). 



'3' ^ ' 3' 

m=0 l+ms=0 



Hence we have VF(1, a, b) = —3p{p — 1). Let b = (0, —1,0, — /) be of type (21). Then similarly, 
Wi{a,b)= ^(ts2n/) = 0, W2{a,b)= ^ {t/3) = -p{p - I) 



t,s,n,Tn 



t,s,n,m 



and hence W{l,a,b) = —p{p — 1). The other cases are obtained similarly and we omit the 
detail. 



7. Ohno-Nakagawa's relation 

After 25 years after Shintani introduced the zeta functions ^(s) and (,*{s), Ohno [15] conjec- 
tured a remarkably simple formula satisfied by ^(s) and ^*{s). This was proved by Nakagawa 

m. 



1 
3 0/ ■ 



Theorem 7.1 (Ohno-Nakagawa). We have 



By plugging this formula into Shintani's functional equation ^(1— s) = M(s)^*(s) in Theorem 
14.11 the functional equation was rewritten in the following symmetric form: 

Theorem 7.2 (Ohno-Nakagawa). We have 

Ail-s)-T.Cil-s) = Ais).T.as), 

where A(s) and T are as in Theorem \1.6l 
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Theorem 17.21 follows from Theorem 17.11 simply because A(l — s)TM(s) = A{s)TA~^ . We 
note that this "diagonalization" of M{s) is due to Datskovsky and Wright \T, Proposition 4.1]. 
Recently, Ohno, Wakatsuki and the first author |17l I16j classified all SL2(Z)-invariant lattices 
L in Vz, and showed that the associated zeta function ^(s, L, SL2(Z)) for each L satisfies a 
functional equation in a self dual form as in Theorem 17.21 In this section we establish a similar 
formula for the 'W-divisible zeta function" when N is square free. We also state residue 
formulas which we will prove in Section [HI 

In this section we assume that is a square free integer. Let /at G C(V/v,1) be the 
characteristic function of {a G V/v | -P(fl) = 0}. This definition agrees with Definition 15.31 and 
In = I\p\N fp- 

Definition 7.3. We define the N -divisible zeta function 

a€VN,P{a)=0 

This function counts the T^-orbits whose discriminants are multiples of A^, and we study its 
analytic properties. 

We first describe the residues; these formulas follow from Proposition 18. 61 and Corollarv l8.14[ 



,4/3 p7/3 j ''^3 



C(^)7, 



Proposition 7.4. We have 

Res iN{s) = n f- + 4 - 4V + = n ( - + ^ 

.=1 11 PV -=5/6 J^Vp P^' 

where a, f3 and 7 are as in Definition \8.3[ 

We next prove the functional equation. For a square free integer m, we put 

C(s):= E ^*("'^)- 

bev^,P''ib)=o 

Proposition 7.5. If N is square free, we have 

^Nil -s) = N'^'-^Mis) Yl f^{mi)m2ml-^'emM- 

Proof. By Theorem 14.31 and Proposition 16. 11 we have 

^^(1 -s) = N^'M{s) J2 fNm*{s,b) 
bev* 

where fN{b) is multiplicative in A^, and for a prime p is equal to p^^ + — p~^ if 6 = 0, 
— p^^ if 6 7^ but P*{b) = 0, and — otherwise. We rewrite fp{b) as 

fp{b) = -p-^ + gp,2{b)p''^ + 9p,3{b)p'\ 
where gp^sib) is the characteristic function of 6 = 0, and 5p,2(^) is the characteristic function of 
those b with P* (6) = 0. Then we have 

^^(1 -S)= N^'M{S) ^ lli-p-^ + g^^,ib)p-'' + gp^,{b)p-')e{s,b) 

beV*p\N 



m2|P*(b), bGmaV^ 



^4s-3 

mim2mz=N 



m2\P*{b) 
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as desired. □ 



Let f and be the Euler function and Mobius function, respectively. Similarly to |16j . we 
find a functional equation in self dual form for certain linear combinations of zeta functions. 

Theorem 7.6. For a square free integer N , let 

On{s) := fi{m)m^rnis). 

m\N 

Then 

Res e^is) = KN)^ ■ (a + /3), Res^ e^is) = ^(iV)^i^^^(l/^ . 

and 

N^(^-'^A{1 -s)-T- 9n{1 -s) = iV2^A(s) • T ■ 9n{s). 
Proof. By Proposition 17.41 

Res mU{s) = H + ^^"l + "^^™(^) = 11 + ' ^^^Z^^^' 

p\m p\m P / 

Since 

JJ(1 -ap) = Y^ fi{m) Y[ Up 

p\N m\N p|m 

for any Op and np|Ar(l ~ P^^) = ^{^)/^: the residue formulas follow. We consider the 
functional equation. By Proposition 17.51 

M{s)~' • 6^(1 -s) = M{s)-^ Yl Km)mU{l - s) 

m\N 

= ^/i(m)m^'"2 /x(mi)m2m^"'^''C2('S) 

m\N mim,2m3=m 
mim2m3m4=N 

= Y /^("^2)(?7lim2)^'"^m2C2(s) Y fJ-i^s)- 
niim2\N m3rrn=—K- 



By the Mobius inversion formula, J2m m - ^ /"("^3) is 1 if = mim2 and otherwise. 
Hence 

M(s)-i • 0jv(i - = iv"^~' /iMme;;(s). 

m.\N 

By the Ohno-Nakagawa formula, we have (,mis) = ^ • £,mis) for any m. Hence 

M{s)-^ ■ 6^(1 -s) = N*'-^A ■ ONis). 
Since A(l — s)TM{s) = A{s)TA^^, we have the formula. □ 

8. Computation of residues 

In this section we compute the residues of our orbital L-functions and related zeta functions. 
We start by showing that for a suitable choice of test function, the adelic Shintani zeta 
function studied by Wright [28| gives an integral expression for S^{s,XiO')- Hence its residues 
are described in terms of certain integrals which have Euler products. The local analysis is 
carried out in later subsections. We note that a number of results of this section are already 
obtained in the extensive work of Datskovsky- Wright [2j , and we follow their approach to give 
refinements of their results. 



32 



TAKASHI TANIGUCHI AND FRANK THORNE 



Recall that £,{s,X:0,) is a vector consisting of two Dirichlet series. When we talk about the 
analytic properties of ^{s,x,o,), we mean so entrywise. The locations of the poles coincide 
for the two series, so we hope our meaning is clear. In particular, for zq € C, we denote by 
s,x,a) the column vector of residues of these Dirichlet series a.t z = zq. 
We fix some notation for adelic analysis. Let M.^ = {t G M | t > 0} and = {z G 
I \z\ = 1}. For t G Qp , let ordp(t) be the unique integer m satisfying t G p^'Lp . Let 
I • Ip: Qp — 7- be the normalized absolute value, hence \t\p = p-°"^'^pi^) _ "We normalize the 
Haar measure du (resp. d^t) on Qp (resp. Qp ) so that the volume of Zp is 1 (resp. of Zp 

is 1). We put Z := np:finite^P' so that = Up-.&nitc^p ■ As usual, let Af := Z ^ Q and 
A = Af X M. Let y{VE.) , yiViq^ , ,y{VAf) , yiVA) be the space of Schwarz-Bruhat functions on 
each of the indicated domains. For a Dirichlet character let 5{x) be 1 if x is trivial and 
otherwise. 

For the rest of this section we fix a (primitive) Dirichlet x of conductor m. We introduce 
notation related to x- The usual L-function and the local L-factors for x are defined by 



L{s,x) ■■=YlLp{s,x), Lp(s,x):=||^ 



p I m, 

x{p)/pT^ P\rn. 



Recall the direct product decomposition A^ = M^-Z^ -Q^ . We lift x to an idele class character 
X- A^/Q^ —7- C| by using the compositum 

X: A^ = M!^ • Z^ • ^ Z^ ^ (Z/mZ)^ ^ (Z/mZ)^ 4 
Let Xp be the local character on Qp induced from x- 

Xp--=x\Qf.Q; ^c^. 

Let m = Y\p'^^. Then corresponding to the decomposition (Z/mZ)^ = f^Z/p'^pZ)^ , x has 
a unique decomposition x = OXpi where Xp is a primitive character on (Z/p'^^Z)^. (If p\m, 
this means Cp = and Xp is the trivial character.) We put Xp '■= Wp'^pXp'- This is a primitive 
character of conductor m/p'^^ which is coprime to p. Hence Xp(p) makes sense. 

Let us describe Xp explicitly in terms of x- Since Qp = Zp x p^, it is enough to describe 
Xpl^x and Xp{p)-, and by definition these are given as follows. 

Lemma 8.1. The character Xp restricted to "Lp agrees with the pullhack of Xp via the canonical 
surjection Z^ (Zp/p^'p^p)^ = (Z/p'^fZ)^. Also we have Xp{p) = Xp(p)~"^- 

If p f m, then Xp = Xp and so Xp{p) = x{p)'^- 

8.1. An integral expression for orbital L-functions. We now return to the analysis of 
zeta functions. In this subsection we fix a positive integer which is a multiple of m, and we 
also fix a G Vn- Let := {x £ Vq \ P{x) / 0}. For $ G -ViVA), Wright [28] introduced the 
global zeta function 

Z{<^,s,x)-= / \ det g\f xidet g) J2 ^i9x)dg. 

JGa/Gq 



Here dg is a Haar measure on Ga normalized as in \28\ p. 514]. 

Let $a = ^oo X ^f,a where <I?oo £ =^(^) is arbitrary and $f^a G ,9'{VAf) is the characteristic 
function of a + iVVg C V^^ where a is a lift of a under the surjection Vr^ ^z/NZ ~ 

:= {g £ Gk = GL2(M) | detg > 0} with Haar measure dg^o normalized as in [28], and let 
roo(^oo) s) be the local zeta function defined in (j4.ip . 
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Proposition 8.2. We have 

If X = ^, ^(■S;X)0) is holomorphic except for simple poles at s = 1 and 5/6. /f x 7^ liX^ = 1; 
then ^(s,X)0) is holomorphic except for a simple pole at s = 5/6. Otherwise it is entire. 

Proof. Let ICn '■= ker(Gg — )■ Gx/nz)- This is an open subgroup of Gaj. Note tiiat G^JCn H 
Gq = T(N). For t G Tjy C Gjy = Gi/nz^ we denote by t S Gg its (arbitrary) lift. Then /Civi 
does not depend on the choice of t. By strong approximation for SL2, it is known (see e.g. 
[^) that Ga = Gj^/CGq for any subgroup /C C Gg such that the determinant map is surjective 
onto Z^. One checks that the union U^gT^/CArt is such a /C, and it is not difficult to check that 
the union Ga = UtgTjvGj^/CArtGQ is disjoint. 

Corresponding to this decomposition, for each t G T/v we put 

Zt{^a,s,x)-= I _ \'^^^g\AX{^^^9)^^a{gx)dg. 

Let dgf be the Haar measure on Ga^ normalized so that the volume of Gg is 1. Then dg = 
dgoodgf. For this integral, we have the following process of modification: 

Zt{<^a, s,x)= I I det ig\fx{det tg) ^ ^a{igx) dg 

J G^K-nGq/Gq x^Vq 

= X(det t) I I det ^Ia x(det g) ^ ^t-^Aax) dg 

J G-^JCi^Gq/Gq 



xeVA 



= x(dett) / ^ \ det g\l' xidet g) J2 '^t-^a{gx)dg 

= x{dett) / Idet^ool^ '^ooigoox)<^i,t-^ai9fx) dgoodgf 

= x(dett) / dgi / jdetc/ool^ V ^>oo(5'ooa;)^f,t-ia(2;) c^5oo 

JiCm JG+/riN) y, 

x(dett) f . , ,2, , . . , 

= \n \ I |detfi(oo|oo >^ ^'oo(5oo2;)d5(oo 

\Gn\ JGl/ViN) ,g^.,n(t-ia+Wg) 

x(dett) 1 f . , ,2, ^ , ^ , 

= ir^vl [r(l):r(iV)] ^..r(^ ^o.{9o.x)dg^ 

= ^j^roo($oo,.)e(s,t-^a). 

By (|3.ip . the formula is obtained by summing this formula over all t E Tjy. We now explain 
the process of modifications above. 

The first equality follows from G^lC^i = iG^lCiy. Since x and i are both lifts, x(dett) = 
x(dett) and i G Gg implies |dett|A = 1- Also by definition ^aiix) = ^i-ig^{x). Hence the 
second equality follows. The third equality is obvious. Since | det(/CAr)|A = x(det(G]^/CAr) = 1, 
we have the fourth. The fifth equality is because ^{^t-^a is /CAr-invariant. Since J^^^ dgt = [Gg : 
^n]^^ • Jq^ dg{ = IGAfl"-*^ and ^f.^-i^ £ '5^{Vkj) is the characteristic function of t'^^a + A^Vg, 
we have the sixth equality. By Vq n {t~'^a + NV£) = t~^a + NV^, we have the seventh. For 
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the last equality, we divide Vq n {t~^a + NV^) into its r(A^)-orbits and consider each integral 
separately. Then this equality follows from the unfolding method. Note that 

|r(iv)xr^ 

I UeL.(/oo|nr,y^Ool.'7oo^'J ".(/OO = 



[ |det5oo|^^'oo(5ooa;)(i5oo = ■^^T^T^TT— / \P{9oox)\l^^oo{9oox) dgoo- 

JGt/T(N)^ \P{x)V Jg+ 



The second statement of the proposition follows from Wright's study [28] of Z{^, s, uj) combined 
with the standard argument treating Too{^oo, s). For this, see the proof of |24j Theorem 2.1], 
for example. □ 

8.2. Residues as integrals. We now start to compute the residues of ^(s, X; o)- We introduce 
the following constants. 

Definition 8.3. We define 

(8-1) ^■■=^ L)^ /3:=TTT J> 



36V3y' ' 12 VV' 9r(2/3)3 
Shintani [24] proved the following. 
Theorem 8.4 (Shintani). The residues of (,{s) are 

Ress=i C{s) = a + (3, Res^^s/g C{s) = C(l/3)7- 
We define an averaging operator M-i^^ -^(^f) by 

(8.2) M,^$f(x)= / xidet gi)<^>i{gix)dgi (% G ^(^a^)) 

If X is trivial then we write Aif as well. For <I>f G ^Vaj), let 

Sf(^>f) := C(2)"^ / \t\fMi<^{{0,t,U3,U4)d''tdu3du4, 



ef($f,X,s):= / xit)\t\f-^i,x-^^f(iy''J'2,U3,Ui)d^tdu2du3du4, 

ef(<i>f,x) :=ef(<i>f,x,i/3). 

We note that Cf (<I>f , x, -s) is defined for K(s) < 1 by analytic continuation. Then for a E V/v, 
by [281 Theorem 6.1] and Proposition 18.21 (see [H pp. 69-70] also), we have 



Hence we will compute these values explicitly. We define a local averaging operator Mp,x 
on yiVq^) similarly to IK2^ : 

(8.4) Mp^^%{x)= Xpidet gp)'^p{gpx)dgp ($p G J5^(%)) . 

Here we normalize the measure dgp on Gq^ such that the volume of Gzp is 1. For a € V^e or 
a G and e > 0, let ^p^a £ ■^{Y'Lp) be the characteristic function of a + p^Vzp. We put 

(8.5) 'Rpe{a):=p'^^{l-p-^) \t\lMp^p.a{Si,t,U3,Ui)d''tdu3duA, 

(8.6) ep.(a,x) :=/''^p(^,x"^)"^ / Xpit)\t\l^^M„ ^-i'^p,a{t,U2,U3,UA)d''tdu2du3du4. 

3 ^Q^xQ3 
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Note that these are 1 if e = and x is unramified at p. Let N = Wp^p be the prime 

decomposition of N . For a G Vat, we define 

(8.7) 

SAr(a) := JjBp'^p(op), eAr(a,x) := JJep^p(ap,x), where = (a mod p"") ^ Vpe. . 
p\N p\N 

Then 

M^i,a) = N-^'BN{a), Sf ($f,„ x) = N-^QN{a, x)i(l/3, X~')- 
Hence by (j8.3p we have the following generalization of Theorem 18. 4[ 



Theorem 8.5. We have 

We now describe the residues of ^(s, /) for / G C(VAr, x)- Foi' / £ C'(^Af) we define 

(8.8) =Ei^. = E e.(/a)=E ^''"y-" - 

aGVjv aeVjv aeVjv 

By definition these are multiplicative. By Theorem 18.51 and Proposition 14. 7t we have: 
Proposition 8.6. Let f G C{Vn,x)- Then 

Res e(s, /) = Six) {AN{f)a + 'B^iDP) , Res i{s, f) = 5(x')ejv(/, x)i(i X"')7. 

s=l s=5/6 O 

Since C{s,X:0,) find ^i^^f) for / ^ C(^Af)X) a^^e holomorphic if x^ is non-trivial, we assume 
that x^ is trivial for the rest of this section: 

Assumption 8.7. The Dirichlet character x is cubic. 

This of course implies that X) Xp) Xp aiid x'p cubic characters also. 

8.3. Preliminaries for explicit computation. Now our aim is to compute !Bpe(a) and 
Cp'= x) explicitly. In this subsection we prepare several lemmas for the computation. We fix 
a prime p and denote the p-part of the conductor of x by p'^. We assume e > c. 
We first describe some basic properties satisfied by 23pe(a) and Cpe(a,x)- 

Lemma 8.8. (1) For g G Gp^^, 

(8.9) 'Bpe{ga) = Qp-i9a,x) = Xpidet g)-^epe{a,x)■ 
{2) If X is unramified at p, then 

(8.10) p-^' = i> p~'" E ^A^^x) = 1. 

adVpe adVpe 

(3) Let m < e — c. For a £ Vpe-m, we regard p^a G Vp^. Then 

(8.11) = epe(p-a,x) = xp(p)V'"/'ep.-™(a,x). 

Proof. These immediately follow from the definitions (18. Sp . (18. 6p . For (2), we note that if x is 
unramified, Ylai^v e ■^p,x~^^p,a = Z^aeVe ^pa is the characteristic function of Vi^. □ 

Lemma 8.9. Let a G Vpe. Assume that Gpsa + p^Vzp is a single Gzp-orbit and that Xp ° det 
is trivial on Gpe^a- Then 

(8.12) V(a) = epe(a,x) = QpA^ ,x), 
for all e' > e and a' G V^e' suc/i i/iai a' mod p^ = a. 



^.13) M^^-i-^p^aix 
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Proof. By ()8.5p and ()8.6p . it is enough to show that 

Let a G be a lift of a. Then by assumption Gp^a + p^Vz^ = Czpfi. We claim that 

IGpe^allGpel'^Xpidetk) X = kd,k £ Gzp, 
X ^ Gz^a. 

By (fg^ and Lemma EH 

(8.14) A1p^^-i$p,a = |Gpe|-i ^ Xp(detff)$p,ga. 

Hence Aip^^-i^p^aix) vanishes unless x S Gp^a + p^Vz^- Let x = kd, k G G^p. Then 
Mp^^-i^p^aikd) = Xp{detk)\Gpe\'^ ^ Xp(det 5')$p,ga(a) 

= Xp(det/i;)|Gpe|-i ^ Xp(det5) = |Gpe ,j||Gpe|-ixp(det /c), 

where the last equality follows from the assumption and hence we have (j8.13p . Now it is enough 
to show that jG^e' ^j/j = |Gp<:_a|- For this, note the identity G^^'o' + p'^'Vzp = Gp^a + p^Vip- 
These volumes are P~^^' IG^e'l/lG^e' ^'1 ^-^^d p~'^^\Gpe\/\Gpe^a\ respectively, and hence we have 
I a' I ~ I ^p" .1 1 • This finishes the proof. □ 

To begin our computation of 'Bpe(a) and Cpe(a, x), we introduce the following notation. 

Definition 8.10. (1) For a = (01,02,03,04) G Vzp, we define 

'0 ai^p'Vzp, 

p^(l +p"^)|o2|p 01 £p''Vzp,a2 ^p^'Vzp, 

^1 01,02 G p^l^Zp. 

(2) For y G Zp, we define Ip<^{y,x) as follows. If c = 0, we put 

>2e/3^^(p)e ordp(y) > e, 

1 - Xp(p)p""^^^ ~ . x, 1-2/3 A ( \ ^ 

— Ti Xp(y) y p ordp(y) < e. 

1 — p ^ 



^.15) Spe(o) := < 



(8.16) /pe(y,x):=<; 
If c > 1, then we put 

(8.17) iAy,x)- 



{l-p ^) ^Xp(y)|y|p^^^ ordp(y)<e-c, 
ordp(y) > e — c. 

Since these quantities respectively depend only on (o mod p^) G or {y mod p^) G 
Z/p'^Z, we use the same notation for a G Ipe or y G Z/p^Z as well. 

An easy computation shows that 

(8.18) S' (o) =/"(l-p-2) /■ \t\l^p^aiO,t,U3,U^)d''tdU3du4, 

(8.19) V(y,x)=P%(^,x"')"' / XpimY'd^'t. 



3 Jy+p^Zp 

Let 14^ = Aff 2 be the affine space of 2-dimensional row vectors. The G naturally acts on W 
from the right. We put Wpe := W^/p^z = (Z/p^Z)^ and 

Wpe := {{u,v) G (Z//Z)2 I -o G (Z//Z)^ or G (Z//Z)^}, 
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which is the Gps-orbit of (1,0) G Wpe. The fohowing formulas for 'Bpe(a) and Qpe{a,x) hold. 
Lemma 8.11. (1) We have 

(8.20) -Bpeia) = \Gpe\-' Yl ^p=M- 

(2) If X is unramified at p (i.e., ifc = 0), we have 

(8.21) ep.{a,x) = \Gp^\-' Y V(Mi,x), 

where {ga)i G Z/p'^Z is the first entry of ga G Vp^. Moreover for any x, 

(8.22) QAa.x) = \W'pe\-^ Y Ip4a{u,v),x)- 

Here we are plugging particular values of u and v into the binary cubic form a. 
Proof. (1) is obtained by (j8.14p with Xp trivial and (j8.18p . We consider (2). Let 



.1 



ep4a,x)=P^'Lp{-,x-') 



Xp{t)\t\l^^^p,ait, U2,U3, U4,)d^tdu2dU3dUi. 



Then by (|8.19p we have C'pe{a,x) = -^p<=(ai,x)- Hence by (|8.14p we have 

Qp4o',x) = IGp^l'-^ Y Xp{<ietg)ep,{ga,x) = \Gpe\~'^ Y Xp(det 5()/pe ((50)1, x)- 

In particular we have (j8.2ip . Moreover, note that {ga)i = {det g)~^a{{l,0)g). Since Ipe (ty , x) = 
Xp{t)Ip4y,x) for t G (Z/p^Z)^, we have 

epe(a,x) = |Gp.r' ^ /p'=(a((l,0)ff),x) = 1^^;^!'' Y V(«K^)'X), 

as desired. □ 

8.4. Unramified computation. In this subsection, we compute 'Bpe(a) and Qp>:{a,x) for 
p \ m, that is, when x is unramified at p. By (j8.9p . these depend only on the Gp^-orbit of a. 
For Cpe, we list the values of (1 — p~^)Cpe (a, x) for convenience. 
When e = 1, we have the following. 

Proposition 8.12. For e = 1, 23p(a) and (1 — p~^)Cp(a,x) Qi^e given by: 



Type of a 


Sp(a) 


(l-p-^)ep(a,x) 


(3) 
(21) 
(111) 
(1^1) 
(13) 

(0) 



1 
3 

P+2 

p+1 
1 

p+1 
1 


(i-x(p)V/')(i+p~') 
1 - x{p)'^p~'^^^ 

{i-x{p)p-'^')(.i+x{p?p-'/'r 

{i + x{p?p-'/^Ki-p-') 
1 — xip)'^p^'^^^ 
(i-p-2)x(p)V/=' 



Proof. For the computation of Cpe(a, x), it is convenient to put 
(8.23) X := Xp{p)p'^''' = Xipfp'^^^- 

We note that since x is a cubic character, x^ = p~^. Let np(cr) = \{a G Vp(a) \ ai / 0}|, 

"-pC^) = l{o G ^(f'") I ai = 0,a2 / 0}|, and n^((T) = \{a G V^((t) | ai = 02 = 0}|. Note 
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that Eo<i<2^p('^) = np{a). Then for a G Vp{a), respectively by ([00]), (|8l3]) and by UjKTni . 
()8.16p . we have 



■Bpia) 



np(cr) np(cr) 



np(cr) 



, _ ^°(^) 1-x + n2(cT) 1 



np((j) 1 — 



np{a) 



2 ■ 



For (a) = (1^1), we see that the ratio np(cr) : nUa) : n2^{(j) is (p — 1) : 1 : 1 and hence 



Sp(a) 



1 



1 



1 



P + 2 



' p + 1 p+l' 
p-1 2 1-x 

p+1 1 — X'^ ^J+l 1 + x^ 1 — X 



2x-^ 1 _ 1 + X 
^ 1 + X'^ x^ 1 + x^ 



+ 



The other cases are computed similarly. For (a) = (3), (21), (111), (l^l), (l3), and (0), the 
ratio re°((j) : re^((j) : nl{(j) is 1 : : 0, p : 1 : 0, (p - 2) : 3 : 0, (p - 1) : 1 : 1, p : : 1, and 
0:0:1 respectively, and the result follows. □ 

We now consider the case e > 2. In connection with counting cubic fields, we mainly work 
for a G V^^^, i.e., of type (3), (21), (111), (l^lmax)i or (Imax)- This is a generalization of results 
of Datskovsky- Wright [21 Theorem 5.2 and Proposition 5.3] to unramified characters. 

Proposition 8.13. Let e > 2 and a S V^'^^. Then 25pe(a) and (1 — p~^)Cpe(a, x) are given 
by: 



Type of a 


Spe(a) 


(l-p-^)epe(a,x) 


(3) 
(21) 
(111) 
fl^l ) 

(1^ ) 


O CO O 


(i-x(p)V/')(i+p-') 
1 — x{p)'^p~^^^ 

(1 - x(p)p"^/^)(i + x{pfp~^^^? 
(i + x(p)V/')(i-x(p)p"'/') 
1 - x{p)p~'^'^ 



In particular, they depend only on the orbital type of a. 

Proof. For {a) = (3), (21), (111), Vip{a) is a single Gz^-orbit. Hence, if a is of one of these 
types. Lemma 18.91 reduces our calculation to the case e = 1, handled in Proposition 18.121 
Therefore we consider the remaining cases. We put R = Z/p'^Z, and again write x = x(p)^P "'^''^ 
as in (I8:23]l . 

First let a be of type (l^lmax)- By Theorem 12. H each orbit in Vpe{\'^l^^y^) contains some 
a = (0,1,03,04) where 03 G pR and 04 G pR^ . Let g = 
coordinate (50)1 of ga is {ga)i = {dei g)~^r{q^ + a^qr + a4r^). Since 03 G pR and 04 G pi?^. 



, , G G„e. Then the first 
s t I ^ 



ordp(g^ + a^qr + 04r^ 



ordp((7) = 0, 

1 oidp{q) > 1. 



Hence {ga)i = if and only if r = and in this case, {ga)2 = q & R^ ■ Hence by (j8.15p . 
'Bpe{ga) = p^{l + p~^) if r = and otherwise. Since \{g G Gpe | r = 0}| = p^^{l — p~^)^, by 
([8:2U]1 we have Sp.(") = 1- 

We compute Qp^{a,x) using (1021) and (iSTTBI) . Let {u,v) G Wp.. Then a{u,v) = v{u^ + 
a^uv + a^v'^). If + a^uv + 04^^ ^ R^ , then n ^ R^ and hence t> G R^ . Therefore, 



ordp(a(ti, v)) 



ordp(ti) > 1, 



ordp(t') ordp(ti) = 0. 
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The cardinality of the subsets {ordp(?x) > 1}, {ordp('u) = O,ordp(t;) = m < e} and {v = 0} of 
Wpe are p'^'^~^{l — p~^), — p~^)'^ and p^{l — p~^), respectively. Hence by (!8.22|) and 

Next let a be of type (Imax)- We may assume a = (1, 02, 03, 04) where 02, 03 € pi?, 04 € pi?^ . 
Let g G Gpe as above. Then {ga)i = {det g)~^{q^ + a2(?^r + a3qr^ + a/^r^). Since 02,03 G pR 
and 04 G , ordp(g^ + a2g^r + a3gr^ + a4r'^) < 1 and hence {ga)i is always nonzero. Hence 
!Bpe(a) = 0. Also the order of ordp(a(u, v)) is if ordp('u) = and 1 otherwise. Hence 



p'^^{l—p ^) (1 — x) p^*^ ^{1—p ^) {1 — x)px 1 — x 



2 



P ' p2e^_p 2"^ l_p I p^^l^l—p 2) \—p I l—p 2 

This finishes the proof. □ 



As corollaries we have the following. Recall that we introduced fp G C{Vp), $p, ^p G C{Vp 
in Definitions 15. 3^ [5.101 and the distributions An,'Rni Cat in (|8.8p . 

Corollary 8.14. Assume that x 'is unramified at p. We have 

111 1 xip)"^ x{pY 

•^pifp) = '^pifp) = I 2 3' ^pifp^x) = 1 77^ 77^- 
p p'^ p'^ p p^/-^ p'l-^ 

Proof. Let x be as in (|8.23p . By Lemma 15.21 and Proposition 18.121 we have 

•^p\Jp) ~ A ~r 4 ~'~4~~'~2 3' 

P^ P^ P^ P p'^ p'^ 



,2 



p{p^ -l)p + 2 ^ - 1) 1 j_ }_ _}_ }_ _ }_ 
p'^ p + 1 p'^ p + 1 p^ p p"^ p^ 



P (f ^ _ - 1) 1 + X , - 1) 1 - , 1 1 3 4_ 7 

^pUp,X)- ^4 1 + ^3+ pA l_x6 +p4^2 +^ ^' 

as desired. Again we note that = p~^. □ 
Corollary 8.15. Assume that x is unramified at p. Then 

P p p p 

SH'^piAj p5/3 ~^ p2 pll/3' ^-pn^P'Aj p5/3 p2 ^8/3 ^3 " 

Proo/. Let x be as in dOH]). By i^JUij, we have 

ep2(^p,x) =P"^ ep2(a,x) = 1 -P"^ 5Z Sp2(a,x). 



Hence by Lemma 15.61 and Proposition 18.13] 

P^(p^-l)(p^-p)l-xVl-x + x2 , l + x^ , (1 + x)^ , 1 + x , 1 

ep2(^>p,x) = 1 8 6 5 ^ o ^ R ^ ^ ~ 

^ p^ 1 — x°\3 2 p p^ 



1 - (1 - x^){l - x2)(l + x'^ + X^ + X^ + X^) = X^ + X^ 



„11 
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and the result follows. By adding the contribution from 1^2(1^3^^), we also have 

ep2($p,x) = 1 - (1 - x'^){l + x"^ + + x"^) = x^ + 2x^ -x^ - 

as desired. The other formulas are proved similarly. □ 

For its own interest, when e = 2 we compute 23pc(a) and 6^2(0, x) for a G T^"™ also. By 
Lemma 18.81 (3), we may assume a G V^"™ \ pVp^- 

Proposition 8.16. Let a £ Vp2 be of type (1^1*), (1^) or (1^^). Then Spe(a) and (1 - 
p^^)Cp2{a,x) o,re given in the following table. 



Type of a 




(1-p ^)ep2(a,x) 




t 


= 2,a = (0,1,0,0)) 
= 2, a = (0,1, 2,0)) 


(l + x(p)p^/3)(l-p-i) 


(1^) 


1 


(i + x(p)p'/^)(i-x(p)p"'/^) 




1 

p+i 


(1 + X(p)y/')(1-X(p)p-'/') 



Proof. Since the proof is quite similar to Proposition 18.13] we shall be brief. Let R = 'L/p^'L. 
Let a = (0, l,a2,0) G Pp2(l^l*). We first compute 6^2(0, x)- Let {u,v) G Then 

[2 u£pR, 



ordp(t') u G i?^ . 



ordp(a(n, v)) = oicdp{uv{u + a2v)) 
Hence by IKTD^ and (l8lB . 

P (n .A - , p-^l-p"^)^ (1 - ^)PX , p-^l-P"^) ^2^2 

*-'p2|,U,XJ ^ 9 ■ ^ 1 "T ^ r, ■ ^ 1 ~r ^ r, 'P X 



I — p 2 I _ p 1 \ — p 2 

We consider Sp2(a). Let a = (0, 1,0,0) and g 



1 -p-i 



l-p- 



1 + x"^ 



l+p- 



-1 ■ 



r 



G Gp2. Then (50)1 = if and only if 



t) ~- P 

r = or q £ pR. Moreover, if r = then {ga)2 G R^ and if g G pR then (50)2 G 2qR^ . Then 
by (18:201) and (f8l^ . if p / 2 we have 

-2n .-in .-U2 ^_2^-^_^-l) 



p 



l-p-2 

and if p = 2 we have 



^-^"^•p^(i+p-^) + ^"?"!"^ p(i+p-^) 



i-r 



+ 



1 — J) 2 

p + 2 



• 1 



2p+l 
P+1 ' 



1— 1— p+1 



Sp2(a) = 

When p 7^ 2, ^^2(1^1=1,) is a single orbit by Proposition 15.121 and hence this is enough. When 
p = 2 we see numerically that there is one other orbit represented by a = (0, 1, 2, 0) in Vp2 (1^1=,,), 
and by a similar consideration we have !Bp2(a) = | for this a. 

This finishes the proof for type (l^l*). The arguments for types (1^) and (1^^,) are similar 
and easier, so we omit the detail. □ 

8.5. Ramified computation. In this subsection, we compute Cpe(a, x) for p | m, that is, at 
the primes p where x is ramified. Since x is cubic, either p = 1 mod 3 or p = 3, and the 
conductor p^ of x is 

j p p = 1 mod 3, 
1 p2 p = 3, 

We assume e > c. We mainly work for p = 1 mod 3. For p = 3, the computation seems to be 
more complicated theoretically. Fortunately there are only finitely many cases so we simply 
use PARI/GP [H] for evaluation. 



p- 
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We first treat the case e = 1 and (hence) p = 1 mod 3. The following is a refinement of 
[21 Proposition 5.4]. As in [2], we will encounter a curious "cubic character sum of a cubic 
polynomial" which was evaluated by Wright [29] . 

Proposition 8.17. Assume p = 1 mod 3. Let e = 1. We have 

{ p-MXpfXp{P{a)) a : of type (3), (111), 

-P'''^r{xpfxp{P{a)) a : of type (2), 

a:oftype{lH),{Q), 

^Xp(det5)2 a: of type (1^), a = g{l, 0,0,0), g e Gp. 

Here T{xp) = S^gF'^ Xpi^) exp(27rit/p) is the usual Gauss sum. 



{i-p-^)epia,x) 



l2i 



Proof. If a is of type (11) or (0), then Xp ° det is non-trivial on Gp^a and hence Qp{a,x) = 0. 
We consider the other cases. By (|8.22|) and (|8.17p we have 

= ( 2_iw\_„-n Xp{a{u,v)). 

The sum in the right hand side was studied by Wright [2U]. Let J(xp, Xp) = Z^teF^ t^i Xp{'t)Xp{^~ 
t) be the Jacobi sum. If a is of type (3), (21) or (111), then by [291 Theorem 1], 

^ Xp{a{u,v)) = ±{p - l)xp{P{a))J{Xp,Xp), 

where the sign is + if a is of type (3) or (111) and — if a is of type (2). Since Xp = Xp ¥^ 1) 
have 

J{Xp,Xp) = TiXpf/riXp) = T{xpf ■ Xp(-l)-r(Xp)/p = T-{xpf/p, 
and the result follows. Let a be of type (l'^). We have a = gao for some g G Gp, where 
ao = (1,0,0,0). Then ep(a,x) = Xp{<^et g)'^ep{ao,x) and 

Xpiaoiu,v))= Xpiu^)= Y '^=PiP-'^)- 

Hence we have the formula. □ 

We now study the case e > 2. When e = 2 and a £ this is fairly easy. As before we 

may assume a ^ pVp2. We have the following. 

Proposition 8.18. If a is of type (1^1*), Qp2{a,x) = 0. Let a be of type (1^) or (1^^). We 
may assume a = (1, 02, 03, 0) is inl?p2(l^) orPp2(l^^), and for these a, 

n -2np ^ ^ P='^ mod 3, 

{1-p )e2(a,x) = <i. ^ n ^ ^^ q 

[ 3(1 + Xp(l + 02 + as) + Xp(l - 02 + as)) p = 3. 

Proof. If a is of type (1^1*), then by Lemma 15.111 (1), x ° det is non-trivial on Gp2 a- Hence 
Lemma 18.81 (1) implies that 6^2(0, x) must vanish. 

We put R = Z/p^Z. Let a = (I,a2,a3,0) with 02,03 G pR. Depending on the type of a, 03 
is in pR"" or 0. For (n, v) G W^^, a(u, v) = if u G pR. Hence by ^KTIh and iKWf . 

{l-p-'^)ep2{a,x) =P~Hl-p'^y^ Y Xp{u^ + a2u'^v + a3uv'^). 

By changing v to uv and using that Xp is cubic, 

(1 -p'^)ep2{a,x) =p"^ ^Xp(l + a2V + a3U^). 
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li p = 1 mod 3, then Xp(l + (^2^ + 0-3^'^) = 1 since the conductor of Xp is p. If p = 3, then 
Xp(l + + a^v'^) is determined by {v mod 3) G {0, ±1}. Hence we have the formula. □ 

For e > 2, we now compute Cpe(o, x) for a £ V^^^^ or a G V^^^. For stating our result as 
well as applications to counting cubic fields [27] , it is convenient to instead compute a quantity 
closely related to Cpe(a, x)- Let a G V-^J^^. We choose e > c such that 

(i) Gp<^a + p'^Vzp is a single Gz^-orbit, 

(ii) the value Xp{P{(^) / P'^'^'^^^^^"'''^) depends only on a mod p^^ 
and define 

(8.24) epe(a,x) := 



2^ ep°(«,x) 



This depends only on the G^^-orbit of a, and only on a mod p^. Hence this depends only on 
the -orbit of a mod p^. For each a, we can choose such e > c satisfying (i) and (ii) as 
follows. 

Lemma 8.19. (1) Let p = 1 mod 3. For a of type (3), (21), (111), e = 1 is enough. For a of 

type (l^lmax), (lLax)> 6 = 2 is enough. 
(2) Let p = 3. For a of type (3), (21), (111), e = 2 is enough. For a of type (l^lmax), (1 

e = 3 is enough. 



^ ) 

maxy ' 



Proof. By Propositions 15.1^1 15.151 these e satisfy (i). We check (ii) for each orbit individually. 
For elements of type (3), (21), (111) this is trivial, so we work for the remaining cases. Assume 
p = 3 and a G Vzp(lmax)- ^ set of representatives of the various G^p-orbits are given in 
the second table of the next proposition. If a lies, say, in the orbit of a^cp = (1)3,0,3) and 
a' = a mod p'^, then ordp(P(a)) = 4. Let a = ga^ep- Then g^^a' = a^cp mod p'^ . If we write 
g~^a' = (ai, a2, 03, 04), then by the definition of the polynomial P, we have 

P{g^^a') = —40204 — 21a\a\ = P(arep) mod p^ . 

This shows that P{a')/p'^ = P{a)/p'^ mod p^. Hence the values of Xp for a, a' coincide; recall 
that the conductor of Xp is P^- This proves (ii) for this -orbit. 

The elements a in other orbits are treated similarly, and we omit the detail. □ 

We now give the value of Spe(a, x) for each G^p-orbit in V^^. We also list the minimal e, 
|P(a)|~^ and |Gzp.a| for convenience. The result for p = 1 mod 3 is due to Datskovsky- Wright 
[21 Proposition 5.4]. 

Proposition 8.20. Let a G V^^^. If p = 1 mod 3, we have the following table: 



Type of a 


a G V 






e > 


epe(a,x) 




GZp,a\ 


(3) 


a 






1 


^(xp)V/ 


1 


3 


(21) 


a 






1 


-riXpYIp'' 


1 


2 


(111) 


a 






1 


r{XpflP^ 


1 


6 


V-*^ J- max/ 


(0,l,0,pa) 


a G 


^p 


2 


Xp{2)XpiP?p-^^^ 


P 


2 


fl^ ) 
v^max/ 


(l,0,0,pa) 


a G 




2 


Xp{a) + Xp{afXp{pfp~^^^ 


p2 


3 
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If p = 3, we have 



Type of a 




(3) 


a 2 r(xp)Vp' = Xp(2)/p 1 3 


(21) 


a 2 r(xp)7P = Xp(2)/p 1 2 


(111) 


a 2 r(xp)V/ = Xp(2)/p 1 6 


(1 Imax) 


(0,1,0, ±3) 3 ±(1 - xp(4))x;(p) V'/' P 2 


(-^max) 


(1,0,3,3) 3 ixpi2)-l)/p 1 
(1,0,6,3) 3 {2xp{2) + l)/p p3 1 
(1,3,0,3) 3 Xp(4)x;(p)V/' 1 
(l,-3,0,3a),a = 1,4,7 3 Xp{af + Xpipfp''^^ P^ 3 
(l,0,0,3a),a = 1,4,7 3 Xp(a) Vp(p) V'/'' 1 



Proof. Let p = 1 mod 3. By Lemma 18.91 for orbits of type (3), (21), (111) this fohows from 
Proposition [8J71 We consider orbits of type {a) = (l^lmax) or (l^ax)- By Lemma [STOl we may 
assume e = 2, but for potential further applications of our argument we let e > 2 be arbitrary. 
We use ([8:22]) and (IHTT]) for computation. Let R = Z/p^Z. For / x G i?, let Xp{x) = Xpix) 
where x G Zp is an arbitrary lift of x. This is well defined since the conductor of Xp is P- Also 
if X G p"^R^ for some < m < e and y G x + p'^^^R, then Xpiv) = Xpi^)- 

(i) Let a G Vpe{l'^ljaax)- We may assume a = (0,1,03,04) where 03 G pR and 04 G pR^ . 
Let {u,v) G Wpe. If u G pR, then u G R^ and hence a{u,v) G 041;^ + p^R. This implies 
Xp(a(^'., v)) = Xp('3^4^^) = Xp(o4). If n G R^ , then a(n, u) 7^ if and only if u 7^ 0, and in this 
case a{u,v) G v{u'^ + pR) and hence Xp{a{u,v)) = Xp{u'^v). Hence by (j8.22p . (j8.17p . 



epe(o,x) 



1 Xp(«4)P^/^ 

p + 1 1 — p~^ 

Xp(04)p~^/^ 



+ 



1 



1 — p 



+ 



p2e(l — 
1 



'2^ X/ 



1 — p 



-1 



E xp(-^) E E ^p(-)- 



Since Xp induces a non-trivial character on each (TLjp^' 

xp{v) = xpipr E 



0<m<e vi^p"^Rx 

)^ for m < e, we have 



v&p'^R'" 



Xp{v') = 0- 

i)'e{z/p<=-'"Z)x 

Hence Cpe(o, x) = (1 — P~'^)^^Xp{'^4.)p^^^^ ■ In particular for o = (0, 1,0, pa) G V^p, a G Z^ , 

Xp(pa)p-^/^ 



ep'=(a,x) 



Xp{'^p)p-'/^ = Xp{2)x'p{p')p~^'^ ■ 



Xp(-4a) 

Note that the last equality follows from Lemma l8.ll 

(ii) Let a G ^'=(lmax)- We may assume a = (1, 02, 03, 04) where 02, 03 G pR and 04 G pi?^ . If 
u G i?^ , then a{u, v) G v? +pR and hence Xp(a(^*, v)) = 1. If u G |3-R, then a{u, v) G 041;'^ +p^R 
and hence Xp(fl(^^)^')) = Xp(q^4)- Hence by (j8.22p . (|8.17p . 

1 Xp(a4)p^/^ _ 1 + Xp(«4)p"^/^ 



Qp-'{a,x) 



P 



1 



p + 1 1 — p 



p + 1 1 — p 



1 — p 



The result in the table follows from this. This finishes the proof for p = 1 mod 3. 

Let p = 3. Then since = p^ x Z^ and {Zp/p'^ZpY = (Z/9Z)^ is generated by 2 G 
Zp, Xp is determined uniquely by Xp{p) and Xp(2)- Now the results in the second table 
are verified by explicitly evaluating the sum (j8.22p using PARI/GP [TB]. Note the identity 

Xp{2)=p-''r{xpf. □ 
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Remark 8.21. We now explain how Theorem 11.21 follows from our arguments. The functional 
equations of ^(s, o) and ^(s, x, «) are obtained as special cases of Theorem 14.31 due to F. Sato, 
and for ^(s,x,a) we stated this as Proposition 14.81 By Proposition 13.41 the residues of ^(s,a) 
are obtained from those of ^(s, x-, By Proposition 18.21 ^(s, x, o) is entire if x^ is nontrivial, 
and Theorem 18.51 and Lemma 18.111 express the residues of ^{s^Xic) as a sum over Gm for x 
cubic. When a corresponds to a maximal cubic ring for all p \ N, explicit residue formulas are 
proved in Propositions 18.131 and 18.201 When N is cube free, explicit formulas are proved in 
Propositions KUi [8171 for p 1 1 N, and Propositions [8T3l [8l6l KTEi KM for p'^ \\ N. 

9. Examples; bias of class numbers in arithmetic progressions 

Let X be a primitive Dirichlet character of conductor m. For each sign we define 

.on , ( ^ V- |Stab(x)|-ix(P(^)) 
(9-1) C±{s,x)-= 2^ r^rrn , 

{P{x),m)=l 

where = {x ^ Vi\ ibP(x) > 0} and Stab(x) denotes the stabilizer group of x in SL2(Z). 
This is also a standard construction of L- functions from Shintani's zeta functions C±('S)- In 
this section we apply our analysis to describe the residues of these zeta functions and their 
relatives, and prove biases of class numbers in arithmetic progressions. We also discuss how 
these results relate to Theorem 11.51 

Let h S C{Vm) be the function defined by 

{x{P{a)) P{a)€iZ/mZ)x, 
n[a) = < a G Vm- 

I otherwise. 

Then h G C(Vm,X^) and by Proposition 14.61 ^(s,/i) = *(^+(s, x)) ("5, x))- Proposition 18.61 
asserts that each of (,±{s,x) is holomorphic if x^ is non-trivial. 

Assume x^ = 1- We consider the case where m is a power of an odd prime p. (Since m is the 
conductor of x, X^ = 1 implies that m = p except for the case p = 3 and x is not quadratic, 
where m = p^.) Let Ap G CiVp) be as follows: \p[a) = 1 if a is of type (3) or (111), Ap(a) = —1 
if a is of type (21), and Ap(a) = otherwise. 

If X is quadratic, then Proposition 18.61 implies that C±(s,x) has possible simple poles at 
s = 1 and 5/6. We compute the quantity Cp(/i, 1) defined in ()8.8I1 . In this case h = Ap, and by 
Proposition 18.121 with Lemma 



\ (I - p-V^)(l + p-^) l-p-4/3 (i_p-2/3)(i^p-l/3) 
Lpift,lj-ii p )< ^ 2 ^ 6 



2 



0. 



Similarly Ap{h) = Tip{h) = 0. Hence ^±(s, h) is in fact entire. 

Now assume that x^ 7^ 1 but x^ = 1, i-e., X is either cubic or sextic. Then ^±(s,x) has a 
possible simple pole at s = 5/6 and is holomorphic elsewhere. Let m = p ^ 2>. By Proposition 
EM 

epih,x')=p-' xiPia))ep{a,x') = \'^^^lf Ap(a)x(P(a))3 

P(a)^0 ^ P(a)f^O 

{0 X is cubic, 

P 



If m = = 3^ , we have 

e„2{h,x 



'^{1—p ^)t{x^)^ X is sextic. 

2n -P"^)t(x^)^ X is cubic. 



X is sextic. 
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So ^,±{s,x) has a pole at s = 5/6 when Qpe(h,x^) does not vanish. 

Now let m be an arbitrary odd integer. Since ^1,23,6 have Euler products, based on the 
computations above we get the following residue formula. Recall the decomposition X = 11 Xp 
we introduced at the beginning of Section [HI 

Theorem 9.1. Assume that the conductor m of x 'is odd and m ^ 1. Then, the ^±(s,x) 
are holomorphic except for a simple pole at s = 5/6 which occurs if Xp of order 6 for all 
3 ^ p \ m and in addition xs is of order 3 i/3 | m. In this case the residues are 

Here = 1, = ^/3, t(x^) = Y^teiz/mZ)"- X^i^) exp(27rit/m) is the Gauss sum, and L{s, x) 
is the usual Dirichlet L-function. If x is of odd conductor m > 1 but does not satisfy the 
properties above, then the S,±{s,x) o,'''^ entire. 

Proof. We assume = 1 and compute the residue at s = 5/6; the residue computation at 
s = 1 is similar. Since x is primitive, = 1 implies that each Xp is quadratic, cubic, or sextic. 

We first consider the case 3 \ m. Then m is square free. Let us write h = Hpim'^'P' 
hp G CiVp), so that hp{a) = Xp{P{a)) if P{a) G (Z/pZ)^ and hp{a) = if P{a) = 0. 
Then by (18.71) and (|8.8I) . QN{h,x^) = Flplm 2p(^p, X^)- Qp{hp,x^) is computed as above; it is 
— P^^)t{Xp)^ if Xp is sextic and if Xp is quadratic or cubic. Hence QN{h, x^) = if any 
Xp is not sextic. Thus assume that all Xp sextic. Then by the decomposition formula for 
the classical Gauss sum (recalled before Proposition 14.11] ). 



and we conclude that 



2\3 



p\m p\m 



Qn{Kx') = '-^J{{i-p-'). 

p\m 

Hence (j9.ip follows from Proposition 18.61 and ()8.ip . 

The case 3 | m is similarly done; C7v(/i,X^) = unless xs is cubic and Xp is sextic for all 
3 / p I m, and in this case we have (19. ip because of the identity 

m2 ^ 34 ii p2 • □ 

p\m 

From this result, we can prove the two main terms of the function counting the class numbers 
of integral binary cubic forms in arithmetic progressions. This result implies that there is a 
bias in the second main term if and only if the odd modulus admits a character of order 6. 

Theorem 9.2. Let h±{n) be the coefficients of Shintani's original zeta function S,±{s),i.e., 
^±(•5) = Yl h±{n)/n^ . Let N be an odd integer and a an integer coprime to m. Then 

qZ^<x 9A^ ^9r(2/3)'^iV 5/6 ^' 

n=a( mod N) 

where C\ = 1, = 3/2, = 1,K^ = V3, and 

Ki{N,a) = 2^ X{a) H (1 - x(p) P ' )■ 
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Here the sum above is over primitive characters x whose conductor is a divisor of N 
(including the trivial character modulo 1), such that if we write x = Ylpim^Xp then each Xp 
has exact order 6 for p ^ 3 and moreover xs has exact order 3 if 3 \ . 

By the Delone-Faddeev correspondence, we can also state Theorem [92] as a formula counting 
discriminants of cubic rings in arithmetic progressions. 

Proof. Let x be a primitive Dirichlet character whose conductor is a divisor of N. We 
define ^^{s,x) by the formula (j9.ip with the sum restricted to those x with P{x) coprime to 
N (rather than m^). Then Proposition 18.61 and Corollary 18.141 imply 

Res {s, 1) = Res C±{s, 1) J] " P~') " P~^) ' 

p\N 

Res e±(5,x)= Res e±(5,x) TT (l " ^'"') (l " x(p)" V'^' 

s=5/6 3=5/6 \ 

p\N, p\m^ 

where if 7^ 1 the second formula means the formal equality = 0. On the other hand, 
Sato-Shintani's Tauberian theorem [23l, Theorem 3] asserts 

J2 h^{n)x{n) = Res^^{s,x)X+ Res ^^(s, x)-— + 0;v,e(X3/5+^). 

s=l s=5/6 O/fa 

Now the theorem follows from the residue formulas in Theorems 18.41 and 19.11 with the orthog- 
onality of characters. Note that ip{N) = Nfl^^j^^l —p^^). □ 

Let be a finite set of primes. We define the P-maximal L-function £,±{8, x) by the formula 
(|9.1|) with the sum restricted to those x satisfying (x mod p'^) £ V^'^^ for all p G V. Note 
that (P{x),m) = 1 implies (x mod p'^) £ V^'^^ for p \ m, hence only primes p £ V coprime to 

m are relevant for the definition. Then C±(s,x) again has a pole under the same condition for 
^-l-(s,x); and by Proposition 18.61 and Corollary 18.151 the residues are 

(9.2) Res C±(s,x) = Res C±{s,x) TT - P^') " x'(p)p"'/') ■ 

s=5/6 s=5/6 -^-^ \ / 

pdV, p\ni 

The poles at s = 5/6 of ^J(s,x)) as well as of i±{s,x)^ are the source of the biases we 
described in Theorem 11.51 Indeed, for x as in Theorem 19. H we prove in [27j that 

(9.3) x(Disc(F)) = + 0(m«/9x^/9+^), 

[F:Q]=3, 0<±Disc{F)<X ' 
{Disc{F),m)=l 

where K±{x) is the limit of ()9.2p as V tends to the set of all primes: 

AK±T{x^f L{l/3,x-') 



K±{x) 



3r(2/3)3m2n,|™(l+p-i) L{5/3,x') 



The 2 in the denominator of in ([93]) is the index [GL2(Z) : SL2(Z)]. This appears because 

the Shintani zeta functions count SL2(Z)-orbits, while cubic fields correspond to GL2(Z)-orbits. 

We briefly explain other variations as well. Suppose first that the conductor m is a power 
of p = 2. Then there are no cubic nor sextic characters, but are three quadratic characters x- 
One is of conductor 4, and the two others are of conductor 8. To compute the residues, we 
note that for a G V^^ of type (3), (21) or (111), P{a) mod 8 is given by 



(9.4) P(a) 



1 mod 8 a : of type (3), (111) 
5 mod 8 a : of type (21). 
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This is easily verified for the representatives (1,0,1,1) G Vi^{?>), (0,1,1,1) G Vi^{21) and 
(0,1,1,0) G 1/22(111) ^'^d hence is true for any element a because P{ga) = (detg')^P(o) and 
(det gf G (Z2 )^ = 1 + 8Z2. Let x be of conductor 4 = j?^. By ([931) ^(«) = x(-P(«)) is always 
1 when P{a) G (Z/4Z)^, and we have 

A^2{h) = 'B^2{h) = (1 -p-i)(i -p-2), 6^2 (/i,l) = (1 -p-i)(l -p-4/3). 

Hence ^±(s,x) has poles both at s = 1 and s = 5/6 for this x- But this is fairly reasonable, 
because P{x) is always = 0, 1 mod 4 for x G Vz, and so £,±{s,x) simply counts orbits with 
P{x) = 1 mod 4 without a twist. On the other hand, if x is either character of conductor 
8 = p^ by (inaD /i(a) = 1 if a is of type (3) or (111), h{a) = -1 if a is of type (21), and h{a) = 
otherwise. Hence we have Api{h) = 'Bpsi^h) = Cp3{h, 1) = and the ^±{s,x) are entire. 

Second, this observation for m = 2^ allows us to extend Theorem 19.11 to m even. This 
consists of case by case descriptions corresponding to conditions on X2, and we omit the detail. 

Third, let r be a positive integer. Then 

(9-5) C±{s,r,x):= r^jr^yp 

xeSL2(z)\y± 

t\P(x), (P(x)/T,m)=l 

is also a natural L-function. Since *(.^+(s, r, x), (s, r, x)) = C{s,h) for an appropriate h G 
C{Vn, x^), we can study these as well. In particular it is entire if x^ 7^ Ij and we can describe 
their residues explicitly when x^ = 1 for the case we can apply the residual computations. 
This includes the case when r is cubefree and p \ m for all \ r. As a simplest example, let 



m = r 



p 7^ 2, 3. Then h G C{Vp2,x ) is given by 



h{a) 



x{P{a)/p) aGV(l2l 

max 1 5 

otherwise. 



For X quadratic, by Proposition 18.131 with Proposition 15.121 (1) (ii), we see that Ap2{h) = 
Sp2(/i) = Cp2{h, 1) = 0. For X cubic or sextic, by Proposition 18.201 we have 

QAh,x')= Yl xiPia)/p)ep{a,x') = ^[^l^~'S E xHP{a)/p) 

aeyp2{l2lmax) ^ aS ^^2 (1^ Imax) 

{x(4)(l — p~^)p~^/^ X is cubic, 
X is sextic. 

Hence the ^±{s,p, x) are entire unless x is cubic, in which case their residues at s = 5/6 are 

Res C± {s,P, x) = K± '^''^^[^^!'\~ L(l/3, x'^)- 
s=5/6 ^ ^ 9r(2/3)V/^ V / >A ; 

This again is a source of the bias in Theorem 11.51 for m = p^ and (m, a) = p. 

Moreover, if r = r{Xi\j) for a union of GAr-orbits X^r in V/v is well defined, then we can 
define £,±{s,Xn-,x) by (19. 5p with the sum restricted to those x satisfying {x mod N) G Xn- 
This is in fact possible if X^ detects certain maximal cubic rings over Zp for each p \ N, and 
as we computed the contributions to the residues for all a G V^^^ in Propositions 18.131 18.201 
we can describe the residues explicitly. This enables us to impose local specifications while 
counting cubic fields in arithmetic progressions. For details, see [271 Section 6.4]. 
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